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U-Statistics

1.1 Definition

Definition 1.1. Suppose (Y;)I", is a random sample and h : R™ — R is a symmetric

kernel function with:
f = E{h(YI, cen ,Ym)}.

Here symmetric means h(-) is invariant with respect to permutations (i1, -+ ,4,,) of the
indices (1,---,m). The U-statistic induced by h is:

Un(h):(n>_l S h(Ya, V). (1.1)

m . .
1<i1 < <tm<n
|
Remark 1.1. Any unbiased estimator u(Y7,---,Y;,) can be symmetrized via:
1
h<)/17 7Ym) — %ZU(KU 7)/;:m>7
P
where ), denotes the sum across all permutations of the indices (iq,- - ,ip). ¢

Proposition 1.1. The definition of the U-statistic in (1.1) is equivalent to:

That is, U,(h) may be regarded as the expectation of h(Y3,---,Y,) conditional on the
order statistics (Y{1y, -+, Y(n))- ¢

Proof. Given the order statistics, what remains random when evaluating the expectation
of h(Yy, -+ ,Y,,) is the selection of the indices for the m arguments from among the n
possible values. This can be done in n choose m possible ways. Let (i1, - ,i,,) denote
one such sample of indices. Since h is symmetric in its arguments, the sample of indices

may always be arranged such that 1 <i; < --- < 4, <n. Therefore:

1
]E{h<}/l77ym)|yv(l)77}/(n)}: (:;) Z h(}/ilf'.a}/im)'

1<i1 < <im<n
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1.2 Examples

Example 1.1.

e The sample mean is a U-statistic of order m = 1:

1

1<i<n

e The sample variance is a U-statistic of order m = 2:

2 1
Up=—— > -V

n(n —1) 1<i<j<n
e The Gini mean absolute difference is a U-statistic of order m = 2:

2
Up=—— Y; - Y.
n(n—l) Z ‘ J|

1<i<j<n

1.3 Optimality

Theorem 1.1. Suppose S(Y7,---,Y;,) is unbiased for §. The U-statistic induced by S,
defined by U, = E{S(Y1, -+ ,Y:n)|(Y1), -+, Yw)}, is uniformly better than S in that

sense that U, is unbiased for 6 and:
V(U,) < V(S).
Moreover, the inequality is strict unless U,, = S. U

Proof. By iterated expectation, U, is unbiased:
E(U,) = EE{S(Y1, -, Y5)|(Ya), -+, Yim) } = E(S) = 0.
By law of total variance:

V(8) = Var | B{S|(Y. -+ . Yiw)}] + B[ Var{S|(Y -+ . Yiw)}]
= V(UL + B[Var{S|(Vi, -+, Yim)}].

Since the latter term is non-negative, V(U,) < V(S). [ |
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1.4 Properties

Definition 1.2. Consider U, (h) from (1.1). For 1 < k < m, define the projection:

hk(yla"' 73/k> :E{h(Yh"' ,Ym)‘Yl =yt Yk :yk}-

Let (; denote the variance of the kth projection:

G = V{m(¥1,--- Vi) }.

[
Remark 1.2. Note that the mth projection is:
h =E{h(Y1, - YV)Yi =91, Y = Yo} = Wy, 5 Ym)
and that ¢, = V(hy,) = V{h(Y1, -+, V) }. ¢
Proposition 1.2. Each projection hj has the same expectation as U, (h):
E{hy(Y3, - ,Ys)} = 0.
¢
Proof.
E{h(Yi, - Yi)} = B[E{A(Y, -+ Yo [Yi = v+, Vi =}
= E{h(Y1,--,Y)} = 6.
[
Proposition 1.3. The variance of the projection hy is increasing in k:
0<G < <G =V().
¢
Proof.
ViV, Vi)t = VB, VIV, Vi)
FE[V{(¥i, e YOIV, Yen))]
> V{hp1 (Ve Yiee1) } = Gt
[
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Proposition 1.4. Suppose (Y;); are a random sample, then:
Ck = C{h<Yi7 e 7Yk7 Yk—&-l’ e 7Ym>7
h(mv e 7Yk7}~/k+17 e 7}7m>}
Here (Y3, -, Y}) are in common, while (Y41, -+ ,Y,,) are distinct from (?kﬂ, e ,?m)
¢
Proof. By definition:
Y= C{h(}/la e >Yk7Yk+17 to 7Ym)> h(th e 7Yk>}~/k+17 e 7{/771)}
= E{h(}/h e 7}/]€7Yk‘+1’ T 7Ym)h(}/1a T 7Yk’a%€+17 e a{/m)}
—E{h(Yr, - Vi, Y, Yo JE{R(YL, -+ Y, Yign, -+, Vo)
The expectation of each kernel function is 6:
v =E{h(Yi, - Y Yipr, - Yo h(Ya, - Vi, Vi, - Vo) | — 62,

By iterated expectation:

E{h(Yl,--- Yi,Yiga, -, Yo )h(Yq, - - Y, Vi, - ,Ym)}
:E{h(Yl,--- Y Vi, -+, Yo )h(Yq, - - 7Yk;?k;+1,"' ,f/m)|(y1’... 7yk)}
:E{hk(Yl,~~~ Y ) he(Yy, - - ,Yk)}.
Now:
fy:IE{hk(Yl,--- Y Yier, - Yo ) ha(Ye, - - Y Vi, - 7{/m)} — p?
—E{B}(Yi, YD)} = Bl )} = G

[
Theorem 1.2 (Finite Sample Variance). The finite sample variance of the U-statistic
in (1.1) is:
—1 m
n m\ (n—m
ViUn(h); = . 1.2
() EQETe o
O
Proof.

V{Unw)}:V{(Z)l > h%---,m}

1<i1 < <im<n

:(:1)_26{ S ) Y h(Y}u---%m)}

1<i1 < <im<n 1< < <gm<n

(1) XX e YA )

1<i1 < <im<n 1<j1 < <Jm<n
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Consider cases. If {il, e ,im} and {jl, e ,jm} have no indices in common, then:
C{h(Ye, Vi, ), h (Y, -+ Y5,) ) = 0.

Suppose {il, ‘e ,im} and {jl, e ,jm} have 1 < k < m indices in common, then:
C{n(Yir, Y3, ) MYy, Y50 = G

The number of covariance terms with k indices in common is:

n\/m\(n—m
m)\k)\m—k)/)
(;;) is the number of ways to choose the first index set {iy, - - - ,im}. Having fixed the

first set, there are (m) ways to select the k indices {ji,- -, jr} of the second set that are

k
in common, times (ZL__“;) ways to select the m — k indices {jxy1,- -+, Jm} of the second

set that are different. Overall:

e -() £ () E) (e

[
Proposition 1.5 (Limiting Variance). If (; > 0 and (,,, < oo, then:
lim V{y/n(U, — 0)} = m*G. (1.3)
n—oo
¢
Proof. From (1.2):
-1
n m\ (n—m m\ (n—m
vty = () A G ()G}
For n — oo, the binomial coefficient is:
n-m\  (n-m)l 1 _nt
< " ) = —m—a) —a(n—m)(n—m—1)--~(n—m—a+1)AE
Thus, to leading order:
m! nm1 m—2 m*( )
V{Un(h)}An—m{m-mCﬁO(n )}_T+O(n ).
Conclude that: V{\/n(U, —0)} = m*¢ + O(n™?). |
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Theorem 1.3 (Asymptotic Normality). Consider the U-statistic in (1.1).

i. If 0 < (4 < o0, then as n — oo:
Vi (U, —0) =<5 N(0,0?),

2

where 02 = m?(; is the limiting variance in (1.3).

ii. If 0 < ¢ < ¢ <00, then as n — oo:

Sl N N(0,1),
V(Un)

where V(U,,) is the finite sample variance in (1.2).

Proof. (ii.) Consider the Hajék projection representation of U, from (2.2):

n

§—6="3"{m(v) -6}

i=1

The variance of (S — 0) is:

2

. m? m
V(S ) n V{ 1( z)} n Cl
By the central limit theorem:

S—0
WéN(m).

By (2.1), if lim,_,e V(U, — 0)/V(S — 6) = 1, then:

S—0 U, —90 o (D)
Jvig—o VVU.-0) 7
From (1.3), the variance of (U, — 0) is:
2
V(U, - 0) = %cl + O™,

The limiting variances are asymptotically equivalent, since:
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Adding and subtracting the standardized projection:

U, -0 U—H N S—6
V(Un = 0) \/VS 0) V(5 — 6)

By (2.1), the term in parentheses converges in probability to zero, and by the central

limit theorem, the standardized projection converges in distribution to standard normal.

From Slutsky’s theorem, conclude that:

U0 £y N(0,1).
V(U, —6)

1.5 Wilcoxon One-Sample Statistic

Example 1.2. Suppose (Y;) 0 Fy. Consider the parameter § = P(Y; + Y> > 0). The

corresponding U-statistic is:

2

n(n —1)

U, = > IYi+Y;>0). (1.4)

1<i<j<n

Identify h(Y7,Y3) = I(Y; + Yy > 0) as the kernel. The first projection of h is:

hi(y1) = E{h(Ysz)’Yl = Zh} = E{H(Zﬂ +Y > O)}
=Py > —y1) =1 Fy(-n).

The Hajék representation of U, is:
2 n
== > {1-Fy(-v) -6},
i=1

where 0 = E{l — Fy(— } Suppose that, under Hy, Fy is continuous and symmetric,
then by the probability integral theorem Fy (Y') ~ U(0, 1), and:

1— Ry (=Y) = R (Y) £ U(0,1).
Now, under H,,
0 =E{l - F(-Y)} =E{U(0,1)} =

G=V{mY)} =v{U(©0,1)} = %
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Therefore, under Hy,

b)) (03

The Wilcoxon signed-rank statistic is:

3

W, = rank(|Y;[)I(Y; > 0), rank(|Y;]) = > I(]Y;] < |i)).
7=1

=1

Under the null hypothesis that Fy is continuous, such that there are no ties, the nor-

n
2

statistic in (1.4). To see this, first rewrite 1, using the indicator definition of rank:

malized Wilcoxon one-sample statistic ( )71Wn is asymptotically equivalent to the U-

W= 3 (Y] < [Yi)I(Y; > 0).

i=1 j=1

The summand evaluates to 1 if and only if |Y;| < V;:

W= Y IV <),

i=1 j=1

Split the domain of summation:

n

W =Y I(1X;] < Xi) + > I(1X| < X;) + Y _L(Y; > 0).

i<j i<j i=1

The last term arises because |Y;| <'Y; only holds for positive Y;. Let P, = > I(Y; > 0)

and combine the two leading sums:
Wa =Y {10X,] < X) + (X < X))} + Py
i<j
= {I(X; — |X;] > 0) + I(X; — |Xi| > 0)} + P

i<j

Observe that the term in braces {} evaluates to 1 if and only if X; + X; > 0, therefore:
Wo= > I(X;+X;>0)+P,.
1<i<j<n

Note that P, is bounded by n. Upon normalizing by n choose 2:

-1

-1 -1
n _(n ‘ A n _ 1
(2) W, = (2> 1<Z;<HH(X1 +X;>0)+ (2) P, =U, +0Oy(n").
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1.6 Multi-sample Extension
Definition 1.3. Suppose (X;)2, and (Y;)2; are random samples, and h : R™ — R is a
kernel function (m = m; + ms), symmetric within groups of arguments, and:

0 =B{h(X1, -, Xpm; Vi, Yiny) ).

The two-sample U-statistic (n = ny + ny) takes the form:
1
Un(h)zm Z Z h(Xm"' 7Xim1;yj17"' 7ij2)- (1.5)

m1) \ma) 1< <<y <ny 1<1 <o <fimy <
Extensions to addition samples are analogous. [ |

Definition 1.4. Consider the multi-sample U-statistic in (1.5). Define (j; as:

Ckl - C{h(le JXkan—‘rlv”' JXm1;}/17"' 7%7%4—17"' ,sz),
h(Xb'" 7Xk7Xk+1>"' 7Xm1;Yv1"" 7}/27{/24&7"' 7{/7712)}

Here (Xi, -+, Xg) and (Y3, -+ ,Y)) are in common, while (Xy11, -, X,,,) are distinct

from (Xpy1,- -+, Xpmy), and (Yigq, - -+, Yo,) are distinct from (Yigq, -, Yiny)- |

Theorem 1.4 (Finite Sample Variance). The finite sample variance of the U-statistic

in (1.5) is:

=i ) ()

O

Theorem 1.5 (Limiting Variance). Consider the U-statistic in (1.5). Suppose (n1,ng) —

00 in such a way that:

. ny . g
lim =p, lim =1-p,
(n1,n2)—00 My + N9y (n1,n2)—=00 N1 + N2
and let n =ny +nqo. If 0 < (10, Co1 < Cmymy, < 00, then:
2= lim V{v/n(U, - 0)} m%c + m G (L.7)
= lim n(U, — = — . :
o e P 10 1—p 01
O
Remark 1.3. See Lehmann (1999), theorem 6.1.3. ¢
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Theorem 1.6 (Asymptotic Normality). Consider the multi-sample U-statistic in
(1.5).

i. If 0 < (0, (o1 < 00, then as n — oo:
Va(U, —0) <5 N(0,0%),
where o2 is the limiting variance in (1.7).

i. If0 < ClOa COl < lemg < 00, then:
— N(0,1),

where V(U,) is the finite sample variance in (1.6).

Remark 1.4. See Lehmann (1999), theorem 6.1.4. ¢

1.7 Mann-Whitney Statistic

Example 1.3. Suppose (X;) % Fy and (Y;) * Fy. Consider the parameter 6 =

P(X <Y). The corresponding U-statistic is:

ni ng
1

Un = ZZ]I(X,; <Y)).

i=1 j=1

Identify h(X,Y) =I(X <Y) as the kernel. The first projections of h are:

hoi(y) = E{R(X, Y)Y =y} = P(X <y) = Fx(y).
Suppose that, under Hy, Fx = Fy = Fy, with Fy continuous, then by the probability
integral theorem hyo(X) =1— Fo(X) ~ U(0,1) and ho (V) = Fo(Y) ~ U(0,1).

Now, under Hy,

0 =E{I(X <Y)} =E{R(Y)} =E{U(0,1)} = %

Go = V{mo(X)} = V{U(0.1)} = 5.
1

o = V{ho (V)} = V{U(0,1)} = .
Therefore, under H,
1\ ¢ 1 /1 1
=) BN () b
\/ﬁ(U 2)_> {O 12<p+1—p>}

where n = ny + ns, and p = lim,,_,, n1/n. [
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1.8 Joint Distribution

Theorem 1.7 (Joint Asymptotic Normality). Suppose (Y;)", is a random sample,
and consider two distinct, one-sample U-statistics (U,gl),Ur(f)) of the form (1.1). Let
6, = E(UP), and define:

Ve = C{h(l)O/h 7Yk7Yk+17"' ,le),
h(2)<y1,... Y, Yiq, - - ,YmQ)},

where h®) is the kernel of U,gk). If

0 < V{rO(Yy, V) } < o0, 0 < V{R® (Y1, V) } < 00,
then:
() o () (i )
Un™” — by 0 mimay miG
where (") = V{n{"(v1)} and ¢2 = V{n{? (v1)}. O
Remark 1.5. See Lehmann (1999), theorem 6.1.6. ¢

Example 1.4. Suppose (Y;) " Fy. Consider the joint asymptotic distribution of the

sample mean and variance:

1 & 2 1
A - Y; v — = —(Y; = Y:)2

For the mean sample mean hgl)(Yl) = hW(Y}) = Y1, hence:

6 =E{n{"(v))} =E{"1} = p,
¢ =V{n' M)} = v = o>

For the variance, the first projection is:

W2 (y) = {0, V)1 = v} = SE{(y — Y3} = SB{(¥ — 1 — )?)

1 1
= %E{(Yz =)+ Sy =) = %02 + 5=
Thus:
0o = E{hP(Y)} = £o® + ZB{(Vi — 1} = o*
¢ = V(P )} = V{0 - ) = o),
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where p1s = E{(Y; — p)*}.
The covariance term is:
1= C{ROM), KOV, ¥3)} = 1OV, (¥~ ¥3)?)
1
= SC{ =), (Vi =t = ¥2)"}
1 2 2
= 5C{ =), (Vi =) + (Yo = p)* =201 = ) (Yo — )}

By independence of Y] from Y5:
1
7= 5C{0 =), =)} = C{(Vi = ), (Vi = ) (Yo = )} = 58 = 0,

where p3 = E{ (Y} — p)3}.

Overall, noting that m; = 1 and my = 2, the joint asymptotic distribution of the sample

mean and covariance is:

121) — Y L 0 o? U3
— N .
ﬁ( - 02) (0)’ s g — ot

This result may be confirmed using the M-estimation framework. [

Projection

2.1 Projections of Random Variables

Definition 2.1. Let V denote the linear space of random variables with finite second
moments, and let & denote a closed linear subspace. The projection of V' € V onto U is
the random variable U = II(V ) satisfying:

i. UelU,
ii. E{(V -0U)U} =0 for VU € U.
u

Proposition 2.1. Suppose V € V, then U = II(V|U) is the closest element in U to V

in the sense that:

A

E(U - V)2 <E(U - V)? for VU € U.

Moreover, the inequality is strict unless E(U — U)? = 0. ¢
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Proof.
EU-V)?=EU-U+U~-V)?=EU -U?+EU —V)*+2E{(U - U)({U - V)}.
Since U € Y and U € U, the difference (U — U) € U+, thus:
E{({U - U)U-V)} =0.
Thus, E(U — V)2 > E(U — V)2, equality holding if and only if E(U — U)? = 0. |

Proposition 2.2. Suppose the closed, linear subspace U/ contains the constant random

variable, then:

ii. C(V —U,U) =0 for YU € U.
iii. C(V,U) =V(U).
¢

Proof. (i.) If U contains the constant random variable U = 1, then the orthogonality
condition implies E{(V — U)1} = E(V - U) =0, so E(V) = E(U).

(ii.)
C(V-U,U)=E{(V-0)U} —E(V - U)E(U) = 0.
(iii.) Since (V — U) is orthogonal to U:
E{(V-U)U} =0 = E(VU) =E(U?.
The covariance of V and U is:
C(V,U) = E(VU) —E(V)E(U) = E(U?) —EX(U) = V(U).
m

Proposition 2.3. Suppose U, is a sequence of closed linear subspaces, each containing

the constant random variable. Let V,, denote a sequence of random variables with U, =
IL(V,U). If lim, 0o V(U,)/V(V,,) = 1, then:

Vo ~BW) _ Un ZEWW) | ). 2.1
o) y +op(1) (2.1)
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Proof. Recall that convergence in mean square implies convergence in probability. The

variance of the difference is:

) U, — IEJ( ) g C(V,, Uy)

vV VvV V(V)V(U,)

lim V., —E(V,) _ U, — EA(Un) 9 9 lim V(U,) :
- V(U,)
2—24/1 2—2=
0o V(V3) 0

Thus the difference:

2.2 Projection onto Sums

Theorem 2.1. Suppose (Y;) are independent. Consider the class S of random variables

of the form:
S = Z 9:(Y;
i=1

for measurable functions g;(-) with finite second moments E{g¢?(Y;)}.The Hajek pro-

jection of V € V onto this class is given by:
S=T(V|S) = Z [E(V|Y)} — (n — DE(V).

O

Proof. Towards finding E(S|Y;), consider the expectation of the random variable E(V|Y;)
given Yj. For 7 = j:

E{E(V|Y)]Y;} = E(V]Y)).
By independence, for i # j:

E{E(V|Y)|Y;} = E{E(V|Y})} = E(V).
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Thus the expectation of the Hajek projection S given Y is:
E(S|Y;) = E(V|Y;) + Y E{E(VY)[Y;} — (n — DE(V) = E(V|Y;).
i#]
For each j, the residual (V — S) is orthogonal to g,(Y;):
E{(V - 8)g;())} = E[E{(V - $)g;(¥})IV; }]
= E[{E(V]Y)) ~ E(SIY))} ()] = 0.
Thus (V — S) is orthogonal to random variables of the form S = Sor,0i(Y;), e to S.

Finally, since S € S and (V — S) is orthogonal to S, conclude that S is the projection
of V onto S. |

Proposition 2.4. The Hajék projection of the U-statistic in (1.1) is:

S0 =3 {m(v) -6}, (22

¢
Proof. Recall that the U-statistic takes the form:
—1
n
U, = LY.
A(h) (m) Y W)
1<t < <tm<n
Taking the expectation conditional on Y;:
-1
n
P=n= (1) X B0 Y=y
1<iq <o <im<n
Consider cases. If i € {iy, -+ iy}, then:
]E{h(}/zu U 7}/1m)’}/; = y} = hl(y)7
whereas if i & {i1,--+ , 4.}, then:
E{h(YZN T ’}/Zm)|Y; = y} =40.

There are (;:;11) ways to choose (i1,--- ,4,) so as to include 4, and (”;Ll) to choose
(11, ,im) s0 as to exclude i. Thus:

n\ " n—1 n—1 m n—m

pivi=0)= (1) {270+ (") )oh =i+

m m—1 m n n

The Hajek projection is:
A “(m n—m m
S = > {Ehl(y) + - 9} —(n—1)0 = E; {hl(Y;) — 9} +nf — (n—1)6.
[ |
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