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M-Estimation

1.1 Motivation

Discussion 1.1. Consider an M-estimator θ̂n obtained by solving:

Ψn(θ) =
1

n

n∑
i=1

ψ(zi;θ)
Set
= 0

Recall that the influence function expansion for θ̂n is:

√
n
(
θ̂n − θ0

)
=

1√
n

n∑
i=1

A(θ0)
−1ψ(zi;θ0) + op(1)

where:

A(θ0) = −E
{
∂ψ(zi;θ)

∂θ′

}
θ=θ0

,

and that the limiting distribution of
√
n(θ̂n − θ0) is:

√
n
(
θ̂n − θ0

) L−→ N
{
0, A(θ0)

−1B(θ0)A(θ0)
−T
}
,

where:

B(θ0) = E
{
ψ(zi;θ)⊗ψ(zi;θ)

}
θ=θ0

.

Let θ̃n denote the estimator obtained by solving the perturbed estimating equations:

Ψ̃n(θ) =
1

n

n∑
i=1

ψ(zi;θ) · ωi
Set
= 0,

where (ωi) are IID random weights, with E(ωi) = 0 and E(ω2
i ) = 1, that are generated

independent of the data.

The score bootstrap approximates the distribution of
√
n(θ̂n − θ0) by that of:

√
n
(
θ̃n − θ̂n

)
=

1√
n

n∑
i=1

A(θ̂n)
−1ψ(zi; θ̂n) · ωi

Conditional on the observed data, the perturbed influence function has expectation:

E
{√

n
(
θ̃n − θ̂n

)}
=

1√
n

n∑
i=1

A(θ̂n)
−1ψ(zi; θ̂n) · E(ωi) = 0,

and variance:

V
{√

n
(
θ̃n − θ̂n

)}
=

1

n

n∑
i=1

A(θ̂n)
−1ψ(zi; θ̂n)⊗ψ(zi; θ̂n)A(θ̂n)

−T · E(ω2
i )

= A(θ̂n)
−1

{
1

n

n∑
i=1

ψ(zi; θ̂n)⊗ψ(zi; θ̂n)

}
A(θ̂n)

−T p−→ A−1
0 B0A

−T
0 .

Consequently,
√
n(θ̂n − θ0) and

√
n(θ̃n − θ̂n) converge to the same limiting distribution

(see Kline & Santos 2012). ♠
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1.2 Procedure

1. Estimate θ̂n satisfying Ψn(θ̂n) = 0.

i. Calculate the individual score contributions evaluated at θ̂n:

ψ̂i = ψ(zi; θ̂n).

ii. Estimate the information matrix Ân:

Ân = − 1

n

n∑
i=1

{
∂ψ(zi;θ)

∂θ′

}
θ=θ̂n

.

2. For b = 1, · · · , B:

i. Generate the perturbation weights
(
ω
(b)
i

)
.

ii. Calculate the perturbed score:

U (b)
n =

1√
n

n∑
i=1

Â−1
n ψ̂i · ω(b)

i .

Note that for hypothesis testing perturbations should be performed under H0.

3. Approximate the distribution of
√
n(θ̂n − θ) by that of U (b)

n .

Examples

2.1 Huber Estimator

Example 2.1 (Confidence Intervals). Suppose (Yi) are a random sample from a sym-

metric distribution with location θ0. Recall that the Huber estimator θ̂n is a solution to

the estimating equation:

Ψn(θ) =
n∑

i=1

ψτ (Yi − θ)
Set
= 0,

where ψτ (u) is the Huber function with threshold τ :

ψτ (u) =


−τ u < −τ,

u −τ ≤ u ≤ τ,

τ u > τ.
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The influence function expansion for θ̂n is:

√
n
(
θ̂n − θ0

)
=

1√
n
A−1

0

n∑
i=1

ψτ (Yi − θ0) + op(1),

where A0 is the information matrix:

A0 = −E
{
∂ψ(Yi − θ)

∂θ

}
= −E

{
ψ̇τ (Yi − θ0)

}
, ψ̇τ (u) =

1, |u| ≤ τ,

0, |u| > τ.

Asymptotically:

√
n
(
θ̂n − θ0

) L−→ N
(
0, A−1

0 B0A
−1
0

)
,

where:

B0 = E
{
ψ2
τ (Yi − θ0)

}
.

The goal of perturbation is to approximate the distribution of the pivotal quantity:

Zn =
√
n

(
θ̂n − θ0

)
σn

=
1√
n
σ−1
n A(θ0)

−1

n∑
i=1

ψτ (Yi − θ0) + op(1).

Towards this, obtain the individual score contributions ψ̂i = ψτ (Yi− θ̂n), and the empir-

ical information:

Ân =
1

n

n∑
i=1

ψ̇τ (Yi − θ̂n).

For b ∈ {1, · · · , B}, generate the perturbation weights (ω
(b)
i ) and calculate:

Z(b)
n =

1√
n

(
σ(b)
n

)−1
Â−1

n

n∑
i=1

ψ̂i · ω(b)
i ,

where the standard error is:(
σ(b)
n

)2
=
B̂

(b)
n

Â2
n

, B̂(b)
n =

1

n

n∑
i=1

ψ̂2
i ·
(
ω
(b)
i

)2
.

Obtain critical values (ζ∗, ζ
∗) from the quantiles of

(
Z

(b)
n

)
such that:

P

(
ζ∗ ≤

√
n

(
θ̂n − θ

)
σn

≤ ζ∗

)
= 1− α.

Rearranging provides the confidence interval for θ:

CI =

(
θ : θ̂n − ζ∗

σn√
n
≤ θ ≤ θ̂n − ζ∗

σn√
n

)
.

♠
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Example 2.2 (Testing). The Wald statistic for evaluating the H0 : θ = θ0 is:

TW = n

(
θ̂ − θ0

)2
σ2
n

. (2.1)

The goal of perturbation is to approximate the distribution of TW under H0. Towards

this, for b ∈ {1, · · · , B}, generate the perturbation weights (ω
(b)
i ) and calculate:

U (b)
n =

1√
n
Ã−1

n

n∑
i=1

ψ̃i · ω(b)
i ,

(
σ̃(b)
n

)2
=
B̃

(b)
n

Ã2
n

, B̃(b)
n =

1

n

n∑
i=1

ψ̃2
i ·
(
ω
(b)
i

)2
.

Construct the perturbation test statistics:

T
(b)
W =

(
U (b)
n

)2(
σ̃
(b)
n

)2 .
A p-value assessing H0 : θ = θ0 is given by:

p =
1

B + 1

{
1 +

B∑
b=1

I
(
T (b) ≥ Tobs

)}
.

♠

2.2 Linear Models

Example 2.3 (Confidence Intervals). Consider the model:

Yi = x
′
iβ + ϵi,

where E(ϵi|xi) = 0 and V(ϵi|xi) = σ2
i .

The OLS estimator β̂n is a solution to the estimating equation:

Ψn(β) =X
′(y −Xβ) =

n∑
i=1

xi(Yi − x′
iβ)

Set
= 0.

Identify the estimating function as:

ψi = xi(Yi − x′
iβ).

The influence function expansion for β̂n is:

√
n
(
β̂n − β0

)
=

1√
n
A−1

0 X
′(y −Xβ) + op(1),

where A0 is the unit information for β:

A0 = plim
n→∞

1

n
Iββ′ = plim

n→∞

1

n
X ′X.
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Asymptotically:

√
n
(
β̂n − β0

) L−→ N
(
0,A−1

0 B0A
−T
0

)
,

where:

B0 = E
{
ψ(xi;β0)⊗ψ(xi;β0)

}
= E

{
(Yi − x′

iβ)
2xi ⊗ xi

}
.

The goal of perturbation is to approximate the distribution of the pivotal quantity:

Zn =
√
nΣ−1/2

n

(
β̂n − β0

)
=

1√
n
Σ−1/2

n A−1
0 X

′(y −Xβ0) + op(1),

where Σn is a consistent estimator for the asymptotic variance:

Σn = Â−1
n B̂nÂ

−T
n .

The empirical information:

Ân =
1

n
X ′X.

For b ∈ {1, · · · , B}, generate the perturbation weights and calculate:

Z(b)
n =

1√
n

(
Σ(b)

n

)−1/2
Â−1

n X
′Ω(b)ên,

where ên = (y −Xβ̂n), Ω
(b) = diag(ω

(b)
i ), Σ

(b)
n = Â−1

n B̂
(b)
n Â−T

n , and:

B̂(b)
n =

1

n
X ′Ω(b)diag(ê2n)Ω

(b)X.

Obtain critical values (ζ∗, ζ
∗) from the quantiles of

(
Z

(b)
n

)
such that:

P
(
ζ∗ ≤

√
nΣ−1/2

n (β̂n − β) ≤ ζ∗
)
= 1− α.

Rearranging provides the confidence interval for β:

CI =
(
β : β̂n − n−1/2Σ1/2

n ζ∗ ≤ β ≤ β̂n − n−1/2Σ1/2
n ζ∗

)
.

♠
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Example 2.4 (Testing). Consider the model:

Yi = x
′
iα+ z′iβ + ϵi,

where E(ϵi|xi, zi) = 0 and V(ϵi|xi, zi) = σ2
i . Suppose H0 : β = β0 is of interest. Let α̃n

denote a solution to the OLS estimating equation:

Uα(α,β0) =X
′(y −Xα−Zβ0)

Set
= 0.

Consider the distribution of the score statistic:

Uβ(α̃n,β0) = Z
′(y −Xα̃n −Zβ0).

Take the Taylor expansions of Uα and Uβ about the true α0:

0 = Uα(α̃n,β0) = Uα(α0,β0)− Iαα′(α̃n −α0) +Op(1),

Uβ(α̃n,β0) = Uβ(α0,β0)− Iβα′(α̃n −α0) +Op(1),

where I denotes the information matrix, and the remainder is bounded in probability

by assumption. Substitute the first expansion into the second to obtain:

Uβ(α̃n,β0) = Uβ(α0,β0)− Iβα′I−1
αα′Uα(α0,β0) +Op(1)

=
(
− Iβα′I−1

αα′ , I
)(Uα(α0,β0)

Uβ(α0,β0)

)
+Op(1).

Define the following structures:

C =
(
− Iβα′I−1

αα′ , I
)
, Uθ(α0,β0) =

(
Uα(α0,β0)

Uβ(α0,β0)

)
, Ξ = (X,Z).

The score statistic for β is expressible as:

1√
n
Uβ(α̃n,β0) =

1√
n
CUθ(α0,β0) + op(1)

=
1√
n
CΞ′(y −Xα0 −Zβ0) + op(1).

By the standard central limit theorem:

1√
n
Uβ(α̃n,β0)

L−→ N
(
0,Σ0

)
,

where:

Σ0 = plim
n→∞

1

n
CΞ′{diag(σ2

i )
}
ΞC ′.
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A score statistic for evaluating H0 : β = β0 is:

TS =
1

n
Uβ(α̃n,β0)

′{CΞ′diag(σ2
i )ΞC

′}−1Uβ(α̃n,β0).

The goal of perturbation is to calculate the distribution of TS under H0. Towards this,

for b ∈ {1, · · · , B}, generate the perturbation weights and calculate:

U (b)
β = CΞ′Ω(b)ẽn,

T
(b)
S =

1

n
U (b)′

β

{
CΞ′Ω(b)diag(ẽ2n)Ω

(b)ΞC ′}−1U (b)
β ,

where ẽn = (y −Xα̃n −Zβ0) and Ω(b) = diag(ω
(b)
i ).

A p-value assessing H0 : β = β0 is given by:

p =
1

B + 1

{
1 +

B∑
b=1

I
(
T

(b)
S ≥ Tobs

)}
.

♠

2.3 Generalized Linear Models

Example 2.5 (Confidence Intervals). Consider a GLM with linear predictor:

ηi = x
′
iβ.

The maximum likelihood estimator β̂n is a solution to the score equations:

Uβ =X ′W∆
(
y − µ

)
, ∆ = diag

{
ġ(µi)

}
, W = diag

{
1

ϕν(µi)ġ2(µi)

}
.

Identify the estimating function as:

ψi = xi

(
Yi − µi

)
ϕν(µi)ġ(µi)

.

The influence function expansion for β̂n is:

√
n
(
β̂n − β0

)
=

1√
n
A−1

0 Uβ(β0) + op(1),

where A0 is the unit information for β:

A0 = plim
n→∞

1

n
Iββ′ = plim

n→∞

1

n
X ′WX.

Asymptotically:

√
n
(
β̂n − β0

) L−→ N
(
0,A−1

0 B0A
−T
0

)
.

Created: May 2017 7



Updated: Jan 2020 Score Bootstrap Zachary McCaw

Recall that:

V(Yi − µi) = ϕν(µi),

therefore:

B0 = E
{
ψ(xi;β0)⊗ψ(xi;β0)

}
= E

{
xi ⊗ xi

ϕν(µi)ġ2(µi)

}
= plim

n→∞

1

n
X ′WX.

The goal of perturbation is to approximate the distribution of the pivotal quantity:

Zn =
√
nΣ−1/2

n

(
β̂n − β0

)
=

1√
n
Σ−1/2

n A−1
0 X

′W∆
(
y − µ0

)
+ op(1),

where Σn is a consistent estimator for the asymptotic variance:

Σn = Â−1
n B̂nÂ

−T
n .

The empirical information is:

Ân =
1

n
X ′ŴX.

For b ∈ {1, · · · , B}, generate the perturbation weights and calculate:

Z(b)
n =

1√
n

(
Σ(b)

n

)−1/2
A−1

0 X
′W∆Ω(b)ê,

where ên = (y −Xβ̂n), Ω
(b) = diag(ω

(b)
i ), Σ

(b)
n = Â−1

n B̂
(b)
n Â−T

n , and:

B̂(b)
n =

1

n
X ′W∆Ω(b)diag(ê2n)Ω

(b)∆WX.

Obtain critical values (ζ∗, ζ
∗) from the quantiles of

(
Z

(b)
n

)
such that:

P
(
ζ∗ ≤

√
nΣ−1/2

n (β̂n − β) ≤ ζ∗
)
= 1− α.

Rearranging provides the confidence interval for β:

CI =
(
β : β̂n − n−1/2Σ1/2

n ζ∗ ≤ β ≤ β̂n − n−1/2Σ1/2
n ζ∗

)
.

♠

Example 2.6 (Testing). Consider a GLM with linear predictor:

ηi = x
′
iα+ z′iβ.

Suppose H0 : β = β0 is of interest. Let α̃ denote a solution to the estimating equation:

Uα(α,β0) = Z
′W∆

{
y − µ(α,β0)

}
.

Created: May 2017 8



Updated: Jan 2020 Score Bootstrap Zachary McCaw

Following the same derivation used for linear models:

1√
n
Uβ(α̃n,β0) =

1√
n
CUθ(α0,β0) + op(1)

=
1√
n
CΞ′W∆(y − µ0) + op(1).

A score statistic for evaluating H0 : β = β0 is:

TS =
1

n
Uβ(α̃n,β0)

′{Ξ′W∆Var(y)∆WΞ
}−1Uβ(α̃n,β0).

The goal of perturbation is to calculate the distribution of TS under H0. Towards this,

for b ∈ {1, · · · , B}, generate the perturbation weights and calculate:

U (b)
β = CΞ′W∆Ω(b)ẽn,

T
(b)
S =

1

n
U (b)′

β

{
CΞ′W∆Ω(b)diag(ẽ2n)Ω

(b)∆WΞC ′}−1U (b)
β ,

where ẽn = (y −Xα̃n −Zβ0) and Ω(b) = diag(ω
(b)
i ).

A p-value assessing H0 : β = β0 is given by:

p =
1

B + 1

{
1 +

B∑
b=1

I
(
T

(b)
S ≥ Tobs

)}
.

Under the canonical link, the preceding are simplified by the identity W∆ = I. ♠
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