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M-Estimation

1.1 Motivation

Discussion 1.1. Consider an M-estimator 6,, obtained by solving;:

,(0)= - > $(z:0) 0
=1

~

Recall that the influence function expansion for 0, is:
. 1 &
Vn(0, — 6,) = NG ; A(60y)"p(25;00) + 0,(1)

where:
_ oP(zi; 0)
A(OO) =-E { 00/ }0:00 )

and that the limiting distribution of \/n(6,, — 6y) is:
Vn(8, — 8) = N{0, A(6,) "' B(6,)A(6,)"},
where:
B(6y) = B{t(2:0) © ¥(2:6)},_,

Let 6,, denote the estimator obtained by solving the perturbed estimating equations:
- 1 = Set
‘IlnB = — 2“0 ~wi:0,
0)= 3 2 w(=:0)

where (w;) are IID random weights, with E(w;) = 0 and E(w?) = 1, that are generated
independent of the data.

The score bootstrap approximates the distribution of \/ﬁ(én — 6) by that of:
- R 1 <& . R

Conditional on the observed data, the perturbed influence function has expectation:

~

B{VA(B. ~0.)} = —= > A(B) h(z:8,) - B(w) =0,

and variance:
n

V{VA(8, = 6.)} = = > A(0,)'(2:50,) © 9(2;0,) A(6,) T E(w])

. 1 <& . R .
= A0 5 2 ¥z 0.) © W en>} AB,) " T AT BoAy”

Consequently, \/n(8,, — 6y) and \/n(8, — 6,,) converge to the same limiting distribution
(see Kline & Santos 2012). [
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1.2 Procedure
1. Estimate 0, satisfying \Iln(én) =

i. Calculate the individual score contributions evaluated at én:

~

"‘»Bi = (2i;6,).
ii. Estimate the information matrix An:
LE)
, 00’ 0—6,, '
2. Forb=1,---,B:

i. Generate the perturbation weights (wz(b)).

ii. Calculate the perturbed score:
1 = 244
U = —N" A w®,

Note that for hypothesis testing perturbations should be performed under Hj.

3. Approximate the distribution of \/ﬁ(én — 0) by that of U

Examples

2.1 Huber Estimator

Example 2.1 (Confidence Intervals). Suppose (Y;) are a random sample from a sym-
metric distribution with location #y. Recall that the Huber estimator én is a solution to

the estimating equation:

Z ¢7‘ i 9
where 1. (u) is the Huber function with threshold 7:

-7 u< T,
Yr(u)=qu —T<u<r,

T u>T.
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The influence function expansion for 6, is:

V(6 — ) :%A Zw i —00) + 0,(1),

where Ay is the information matrix:

oU(Y; — 0 . ~ L Jul <,
AO =-E {%} = —E{@DT(Y; - 00)}7 ¢T(U) = | ‘
0, J|ul>r.
Asymptotically:
V6, —60) == N(0, Ay BoAy Y,

where:

= E{y2(Y; — ,)}.
The goal of perturbation is to approximate the distribution of the pivotal quantity:

Zn:\/ﬁwzj_‘% ZwT — 00) + 0y(1).

Towards this, obtain the individual score contributions 1/31 =Y. (Y — én), and the empir-

ical information:

s

BY 1
(o)’ = ==, EZ w”)

Obtain critical values ((, ¢*) from the quantiles of

e 3

Rearranging provides the confidence interval for 6:

N ~ ag
CI:(G:Hn— 7 << e—g*—”).
v v

such that:
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Example 2.2 (Testing). The Wald statistic for evaluating the Hy : 6 = 6y is:

N 2
Ty — nw;—fO) (2.1)

The goal of perturbation is to approximate the distribution of Ty under Hy. Towards

this, for b € {1,--- , B}, generate the perturbation weights (wgb)) and calculate:
1 - - BY _ 1< -
O = A1 4 (5) 502 — Zn O ==3"g2. (b)y2
un_\/ﬁAn i:1¢2 wi? (O-n)_A%7 Bn_n21wz (wz>
Construct the perturbation test statistics:
(b)) 2
O G
w (6’7(.5)))2

A p-value assessing Hy : 0 = 0 is given by:

B
p= B+1{+ZI - obs}-

1

2.2 Linear Models

Example 2.3 (Confidence Intervals). Consider the model:
Y =z;8 + e,

where E(¢;|x;) = 0 and V(¢|x;) = o?.

The OLS estimator Bn is a solution to the estimating equation:

Set

v, (8)=X'(y—XB) = Z:cl T—xB8) = 0.
Identify the estimating function as:

P = wi(yz‘ - w;ﬁ)

The influence function expansion for 3, is:

V(B — Bo) = %Aalxxy — XB) +0,(1),

where A is the unit information for 3:

1 1
Ay = plim— Iggl = plim—X'X.

n—oo 1l n—oo 1l
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Asymptotically:
Vi(B, — By) = N (0, A7' ByA;T),
where:
By = E{(w;; B) @ Y(ws; Bo) } = E{(Yi — @B)’x; © @:}.

The goal of perturbation is to approximate the distribution of the pivotal quantity:

= VB (B~ ) = S AT X (y = XBy) +o,1).

where ¥, is a consistent estimator for the asymptotic variance:
¥, =A'B,AT.

The empirical information:

. 1
A, =-X'X.
n
For b € {1,--- , B}, generate the perturbation weights and calculate:
Z(b) _ L(E%b)>*1/2AT—LlX/Q(b)é

where &, = (y — X3,), Q¥ = diag(w”), ¥ = A1 BP AT and:

Obtain critical values (¢, ¢*) from the quantiles of (Zﬁbb)) such that:

P (¢ < Vs (B, -B) < ¢') =1-a.

Rearranging provides the confidence interval for 3:

Cl=(8: 8, —n '2B2¢ < B< B —n 282
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Example 2.4 (Testing). Consider the model:
Y = xia+ 2.8 + ¢,

where E(¢;|x;, z;) = 0 and V(¢|x;, 2;) = 02, Suppose Hy : 3 = By is of interest. Let &,

denote a solution to the OLS estimating equation:
Un(a, Bo) = X'(y — X — ZBy) £ 0.
Consider the distribution of the score statistic:
Us(an,Bo) = Z'(y — X, — ZBo).
Take the Taylor expansions of U, and Uz about the true ay:

0= Ua(danO) = ua(a07/60> - Iao/(dn - Oto) + Op(l)a
Us(an, Bo) = Us(xo, Bo) — Lpw (Gt — ag) + Op(1),

where Z denotes the information matrix, and the remainder is bounded in probability

by assumption. Substitute the first expansion into the second to obtain:

Us (6, Bo) = Us(to, Bo) — Lsar L ylha(ro, Bo) + Op(1)
_ ) -1 Z/{Oé(a()?IBO))
- ( Zﬁa Iaa” I) (Uﬁ(ao, ,60) + Op(l)

Define the following structures:

== (X,Z).

C=(~TawTib D), Uplaw, Bo) = (Ua(aovﬁo)),

uﬂ(a()a Bo)

The score statistic for 3 is expressible as:
1 1

%Z/{ﬁ(dn,ﬁo) = \/15

Jn

By the standard central limit theorem:

ClUy(axo, Bo) + 0p(1)

CE(y— Xag— ZBy) + o0,(1).

1
Jlhs(, Bo) 5 N(0,%),

where:

1
3o = plim—CZ'{diag(c}) }2C".

n—oo Il
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A score statistic for evaluating Hy : 3 = 3y is:
1 ~ _
TS = ﬁb{g(an,ﬁo) {C ’dlag ; ._.C,} Z/[B Oﬂn,,B())

The goal of perturbation is to calculate the distribution of Ts under Hy. Towards this,
for b € {1,---, B}, generate the perturbation weights and calculate:

1 / -
19 = Lo (cmabige)nv=0) U,

where €, = (y — X &, — Z3;) and Q) = diag(wi(b)).

A p-value assessing Hy : 3 = 3 is given by:

1 >T .
b= B+1{ +Z obs}

2.3 Generalized Linear Models
Example 2.5 (Confidence Intervals). Consider a GLM with linear predictor:
n = ;0.

The maximum likelihood estimator ,én is a solution to the score equations:

Us = X'WA(y—p), A=diag{g(n)}, W =diag {m} '

Identify the estimating function as:

)
¢V(PJZ) (UZ)

The influence function expansion for 3, is:

¥ =

Vii(B, — Bo) = = 45Uy ) + o,(1).

where A is the unit information for 3:

1 1
Ay = plim— Iﬁﬁ/ = phm X'WX.

TL‘)OO TL‘)OO

Asymptotically:

VB, — Bo) = N(0,A; ' BoA,T).
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Recall that:

V(Yi — ps) = ov(ps),

therefore:

_ ' _ T ®x; RPN

The goal of perturbation is to approximate the distribution of the pivotal quantity:

Z, = S, (B — Bo) = %EMAJX’WA@ — o) + 0,(1),

where 32, is a consistent estimator for the asymptotic variance:
>, =A'B, A"
The empirical information is:

1

n —
n

A X'WX.
For b € {1,--- , B}, generate the perturbation weights and calculate:

1
Zl) — _—
n \/ﬁ

where é, = (y — X,), QO = diag(wi(b)), » = A;lééb)A;T, and:

(=) A xWAQe,
- 1
BY = —X'WAQWdiag(e2) QY AW X.
n
Obtain critical values (s, ¢*) from the quantiles of (Z,(Lb)) such that:
P (¢ < Vs (B, -B) < ¢) =1-a.
Rearranging provides the confidence interval for 3:

CI = (5 B, —n VB2 < B < 3, — n—1/22}/2¢*) .

Example 2.6 (Testing). Consider a GLM with linear predictor:
N = T+ 2.6
Suppose Hy : B = By is of interest. Let @ denote a solution to the estimating equation:

Z/{Ol<a7/60) = Z/WA{y - H(aaﬁo)}
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Following the same derivation used for linear models:

%L{g(dn,ﬂo) = %CU&(O%BO) + 0p(1)

_ b
-V

A score statistic for evaluating Hy : 3 = 3y is:

CEWA(y — po) + 0,(1).

1 ~ =V =1 s
Ts = ~Us(6x,., Bo) {E'W AVar(y) AWE}'24s(6. o).

The goal of perturbation is to calculate the distribution of Ts under Hy. Towards this,
for b € {1,---, B}, generate the perturbation weights and calculate:

Uy = CEwWAQ®e
1y _
19 = ~uP {CEW AQVdiag(e2)V AWEC'} U,
n

where €, = (y — X &, — Z3;) and Q) = diag(wi(b)).

A p-value assessing Hy : 3 = By is given by:

B
] >T .
p= B+1{ +bzz; obs}

Under the canonical link, the preceding are simplified by the identity WA = I. [
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