Saddlepoint Approximation

Background

1.1 Cumulant generating function

The saddlepoint approximation is a formula for approximating the density or distri-
bution function of a statistic. Suppose X is a continuous random variable with density

fx(). The moment generating function (MGF) is defined as:

My (t) = E(¢¥) = / e o (x)dx, (1.1)
and the cumulant generating function (CGF) is defined as:
Kx(t) =In Mx(t). (1.2)

The CGF is so named because the coefficients x; in the power series expansion:

define the cumulants of X.

Example 1.1. Suppose X; ~ fx and let X = %Z?:l X;. The moment generating

function of the sample mean X is:
Mg(t) = E(eX) = E(en Zin X0) Hen I—HMX t/n) = {Mx(t/n)}".
The cumulant generating function is:

Kx(t) =InMx(t) =nln Mx(t/n) = nKx(t/n).

Note that the moment/cumulant generating function for the mean appears on the LHS,

while the moment/cumulant generating function for an individual X; appears on the

RHS. P
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1.2 Gamma function

The gamma function is defined by:

Using integration by parts:

Nk+1) = /OO ahe "dr = [mke_””]zio +k /OO " e dy = kT(k).
0 0
Consequently, for k € N:
[(k)=(k—1)!
Definition 1.1. Stirling’s approximation to the factorial is:

k! = V2rkFt ek L Ok,

For the derivation, see the notes on Laplace approximation. [ |

Density approximation
Definition 2.1. The saddlepoint equation is:
K(5) = . (2.1)

Here K(-) is the first derivative of the cumulant generating function (1.2) and § is the

saddlepoint. Notice that § is defined implicitly, and that § = §(z) is a function of x. W

Theorem 2.1. Suppose X is a continuous random variable. The saddlepoint approx-
imation (SPA) to the density of X at x is:

F(2) = — exp{K(8) — 42}, (2.2)
\/ 21K (3)

Here § = §(x) is the solution to the saddlepoint equation (2.1). As written, the SPA to

the density is not necessarily normalized. As such, the SPA is typically renormalized to:
A 1 -~ -
fle) = £F) ¢~ [ fwys
X

Here X = {z : f(z) > 0} is the support of X. In addition, the SPA is only valid on the
largest open neighborhood of zero within which the moment generating function (1.1)

converges. U
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Remark 2.1. The SPA to the density in (2.2) may also be applied to discrete ran-
dom variables. However, points on the boundary of the support may require special

consideration. ¢

Example 2.1 (Ezponential distribution). Consider the exponential distribution with
density f(z) = Ae ™, z > 0. The MGF is M(t) = & and the CGF is K(t) =

A—t

In(A) — In(\ — t). The first derivative of K is K(t) = 1. The saddlepoint equation is:
. 1 se . 1
K(8) = 5— = )=

The second derivative of K is K(t) = (A — t)~2; evaluating at the saddlepoint gives
K(5) = 2% Evaluating K at § gives K(3) = In()\) + In(z). Substituting these quantities
into (2.2):

. 1 el
flz) = S exp{In(A) + In(z) — (Az — 1)} = VT exp{—Az}.

Upon renormalizing, the original density f (x) = f(x) is recovered. [

Example 2.2 (Binomial distribution). Consider X ~ Binom(n,p). The MGF is My =
{(1 —p) +pe'}™ and the CGF is K(t) = nIn{(1 — p) + pe'}. The first derivative of K (t)

1S:

t
. npe
K(it)=————.
© (1—p) +pe!
The saddlepoint equation is:
. § . 1 —
K= —2° Sy 5(a) :m{(—m‘”}.
(1—p) + pe? p(n — )

The second derivative is:
t t
. npe pe
Kt)=—F——<1———— 1.
) (1—p)+pet{ (1—p)+pet}
Evaluating K at § gives K () = 2(1 — 2/n). Evaluating K at § gives:

K(§):nln{(1—p)- " }

n—x

Substituting into (2.2) gives:

flz) = ! TR (TR Sy G N
2nx(l —x/n)

- Amul = Rt
Qe
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~

where (Z) is Stirling’s approximation to the binomial coefficient. Renormalization gives:
p n\ (n\
z) = (1 —p)" .
f(z) (x) (x) p*(1—p)

Example 2.3 (Score statistic). Suppose X; 0 fo, where f but not 6 is known. The

)

score statistic is:

- dln f(X;;0)
P

U() = > (i) = %

i=1

The individual-level MGF is given by:
M;(t) = ]E{etll)i(Xi;e)}’

and the CGF by K;(t) = In M;(t). With K;(t), a saddlepoint approximation can be
developed for the sum W(#), whose CGF is K (t) = nkK;(t). [ )

Distribution approximation

Theorem 3.1 (Lugannani Rice approximation). Suppose X is a continuous random
variable with mean p = E(X). The SPA to the cumulative distribution function F'(x)

1s:

- () + o(w)(1/w — 1/a),  # p,
F(z) = . K (0) 3 (3.1)
§ 6\/%["((0)3/2’ €T = :u

Here o = sign(5)\/2{sx — K(5)}, & = 51/ K (3), and 5 is the saddlepoint from (2.1). ¢(-)

and ®(-) denote the standard normal density and distribution functions, respectively. [

Example 3.1 (Gamma distribution). Suppose X ~ Gamma(«, 1), with f(z) = %)x"‘_le_”,

(a

for z > 0. The MGF is M(t) = (1 —¢)~“ and the CGF is K () = —aln(1 —t). The first

derivative of the CGF is K (t) = 7%=. The saddlepoint equation is:

KG) =2 %y — 3z)=1-2. (3.2)

1—-35 T

The second derivative of the CGF is K (t) = 1z~ Evaluating at § gives K(5) = 2%/a.
Evaluating K at § gives K(5) = —aIn(a/x). Calculating w:

W = sign(8)y/2{x — K(8)} = sign(z — a)y/2{(z — a) + aln(a/z)}.
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Calculating u:

I = ay T (x — )
=5k = (1-2) == .
=Sy KE) ) Vo a
With @ and u, the CDF may be approximated as in (3.1). [

Theorem 3.2 (Daniels approzimation). Suppose X is a discrete random variable with
mean p = E(X). The SPA to the distribution function is:

) 1= @) — o(w)(1/w—1/a), z#p,
BXza)={, | [ xoo 1 i (3.3)
27 Var (R0 T o ko [0 YT

Here i = sign(3)\/2{éz — K(5)}, @ = (1 — e~*)4/K (), and § is the saddlepoint from
(2.1). ¢(-) and ®(-) denote the standard normal density and distribution functions,
respectively. In comparison to the approximation for the continuous case, notice that
(i) the discrete approximation is given in terms of the right-tail, (ii) the definition of @

is modified, and (iii) the approximation at the mean is modified. t

Example 3.2 (Poisson distribution). Suppose X ~ Poisson()\), with f(z) = e *\*/x!
and z € Z2°. The MGF is M(t) = e and the CGF is K (t) = —\ + Ae'. The first
derivative of the CGF is K'(t) = \e'. The saddlepoint equation is:

K(§)=Ae§s:etx = §:1n(§>.

The second derivative of the CGF is K (t) = Ae! = K(t), thus K(8) = x. Evaluating K
at § gives K(8) = — A. Calculating w:

W = sign(§)y/2{5x — K(3)} = sign(z — \)v/2{zIn(z/)\) — (z — \)}

Calculating u:

a:(1—e—§)\/@=(1—%>\/§.

With @ and 4, the CDF may be approximated as in (3.3). [

Conditionals

4.1 Density

Consider approximating the conditional density of ¥ given X = x:

f(z,y)
f(x)

flylz) =

Created: Mar 2018

ot



Edited: Sep 2019 Saddlepoint Approximation Zachary McCaw

A saddlepoint approximation to f(y|z) is obtained by separately approximating the joint
density f(x,y) and the marginal density f(z). Let K(s,t) denote the joint cumulant

generating function:
K(s,t) =InM(s,t) = nE{e"X™} = /esz+tyf(x,y)dxdy.

Let K denote the gradient of K with respect to both s and t:

K(s,t) %

The unconstrained saddlepoints § and ¢ satisfy:
K(3,1) = (z,y)

where (x,y) is the tuple at which evaluation of f(y|x) is sought. The approximation to

the joint density f(z,y) is:
flay) = (2m) 7 det (& (3, )} 20—y,

where m = dim(z) 4 dim(y) and K is the Hessian of K:

- 0 0 0K(s,t)
K0 =658 = 56 a6.0

To approximate the marginal density f(x), the constrained saddlepoint § is required:
K,(5,0) = .

Here K, = 0,K (s,t) denotes the partial of K (s, t) with respect to s only. The saddlepoint
approximation to f(z) is:
Fla) = (2m) 12 det [ (5, 0)) /2005

where m, = dim(z) and Kss is the Hessian of K with respect to s only.

Theorem 4.1 (Barndorff-Nielsen and Coz). The double saddlepoint approximation to

the conditional density of YV given X = x is:

. 1/2
Flylz) = (2m) ™2 (dit{g((f;)’)}}) exp HK(@,{) _ - fy} - {K(g, 0) — st .

Here m, = dim(y) and the remaining terms are defined above. O
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4.2 Distribution

Theorem 4.2 (Skovgaard). Suppose Y is a continuous, scalar random variable. The

saddlepoint approximation to F'(y|z) =P(Y < y|X = z) is:

Fylz) = () + ¢(@)(1/@ — 1/a),

where:

W = sign(?) \/2{K(§, 0) — 3z} — 2{K(3,1) — 3z — ty},

A:£<det{Kss(§ )})1/2
det{K(5,1)} ’

(%,1) are the unconstrained saddlepoints, satisfying K(3,7) = (x,y), 5 is the constrained
saddlepoint, satisfying K,(3,0) = z, and £ # 0. O
Empirical

Example 5.1 (Sum). Suppose X; ~ f, where f is unknown. Consider approximating
the distribution of T = .7 | X;. The individual-level MGF is M;(t) = E(e**?), which

can be estimated by

1 - tx;
= ﬁ ; e .
The empirical, individual-level CGF is:
R . 1 o
Ki(t)=InM;(t) =In< — ) €% 5.
n
i=1
Now, the MGF of the sum T'=>"" | X is:
M(t) = B(e") = BT %) = TR = [T M),
and the CGF is:

K(t)=InM(t ZlnM ZK().

Thus, the empirical CGF of the sum is:

n_o n 1 n N 1 n N
—;Ki(t) —;ln{gget Z} —nln{E;et Z}.
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The first derivative is:

The second derivative is:

(Chs 23) (i €) = (S 25’

Kn(t) =n (37 etei)?

Finally, the saddlepoint equation Kn(f) Ty may be solved empirically for #(z). [

Created: Mar 2018 8



References

[1] O. E. Barndorff-Nielsen and D. R. Cox. Asymptotic Techniques for Use in Statistics.
London: Chapman and Hall, 1991.

[2] H. E. Daniels. “Saddlepoint approximations in statistics”. In: The Annals of Math-
ematical Statistics 25.4 (1954), pp. 631-650.

[3] R. Lugannani and S. Rice. “Saddle point approximation for the distribution of the
sum of independent random variables”. In: Advances in Applied Probability 12.2
(1980), pp. 475-490.

[4] TI. M. Skovgaard. “Saddlepoint expansions for conditional distributions”. In: Journal
of the American Statistical Association 82.399 (1987), pp. 475-482.



	Saddlepoint Approximation
	Background
	Cumulant generating function
	Gamma function

	Density approximation
	Distribution approximation
	Conditionals
	Density
	Distribution

	Empirical


