
Saddlepoint Approximation

Background

1.1 Cumulant generating function

The saddlepoint approximation is a formula for approximating the density or distri-

bution function of a statistic. Suppose X is a continuous random variable with density

fX(·). The moment generating function (MGF) is defined as:

MX(t) ≡ E
(
etX
)
=

∫ ∞

−∞
etxfX(x)dx, (1.1)

and the cumulant generating function (CGF) is defined as:

KX(t) ≡ lnMX(t). (1.2)

The CGF is so named because the coefficients κj in the power series expansion:

KX(t) =
∞∑
j=0

κj
j!
tj

define the cumulants of X.

Example 1.1. Suppose Xi ∼ fX and let X̄ = 1
n

∑n
i=1Xi. The moment generating

function of the sample mean X̄ is:

MX̄(t) = E
(
etX̄
)
= E

(
e

t
n

∑n
i=1Xi

)
=

n∏
i=1

e
t
n
Xi =

n∏
i=1

MX(t/n) =
{
MX(t/n)

}n
.

The cumulant generating function is:

KX̄(t) = lnMX̄(t) = n lnMX(t/n) = nKX(t/n).

Note that the moment/cumulant generating function for the mean appears on the LHS,

while the moment/cumulant generating function for an individual Xi appears on the

RHS. ♠
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1.2 Gamma function

The gamma function is defined by:

Γ(k) =

∫ ∞

0

xk−1e−xdx.

Using integration by parts:

Γ(k + 1) =

∫ ∞

0

xke−xdx =
[
xke−x

]∞
x=0

+ k

∫ ∞

0

xk−1e−xdx = kΓ(k).

Consequently, for k ∈ N:

Γ(k) = (k − 1)!

Definition 1.1. Stirling’s approximation to the factorial is:

k̂! =
√
2πkk+1/2e−k +O(k−1).

For the derivation, see the notes on Laplace approximation. ■

Density approximation

Definition 2.1. The saddlepoint equation is:

K̇(ŝ) = x. (2.1)

Here K̇(·) is the first derivative of the cumulant generating function (1.2) and ŝ is the

saddlepoint. Notice that ŝ is defined implicitly, and that ŝ = ŝ(x) is a function of x. ■

Theorem 2.1. Suppose X is a continuous random variable. The saddlepoint approx-

imation (SPA) to the density of X at x is:

f̃(x) =
1√

2πK̈(ŝ)
exp{K(ŝ)− ŝx}. (2.2)

Here ŝ = ŝ(x) is the solution to the saddlepoint equation (2.1). As written, the SPA to

the density is not necessarily normalized. As such, the SPA is typically renormalized to:

f̂(x) =
1

C
f̃(x), C =

∫
X
f̃(x)dx.

Here X = {x : f(x) > 0} is the support of X. In addition, the SPA is only valid on the

largest open neighborhood of zero within which the moment generating function (1.1)

converges. □
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Remark 2.1. The SPA to the density in (2.2) may also be applied to discrete ran-

dom variables. However, points on the boundary of the support may require special

consideration. ♦

Example 2.1 (Exponential distribution). Consider the exponential distribution with

density f(x) = λe−λx, x > 0. The MGF is M(t) = λ
λ−t and the CGF is K(t) =

ln(λ)− ln(λ− t). The first derivative of K is K̇(t) = 1
λ−t . The saddlepoint equation is:

K̇(ŝ) =
1

λ− ŝ
Set
= x =⇒ ŝ(x) = λ− 1

x
.

The second derivative of K is K̈(t) = (λ − t)−2; evaluating at the saddlepoint gives

K̈(ŝ) = x2. Evaluating K at ŝ gives K(ŝ) = ln(λ) + ln(x). Substituting these quantities

into (2.2):

f̃(x) =
1√
2πx2

exp{ln(λ) + ln(x)− (λx− 1)} =
λe1√
2π

exp{−λx}.

Upon renormalizing, the original density f̂(x) = f(x) is recovered. ♠

Example 2.2 (Binomial distribution). Consider X ∼ Binom(n, p). The MGF is MX =

{(1− p) + pet}n and the CGF is K(t) = n ln{(1− p) + pet}. The first derivative of K(t)

is:

K̇(t) =
npet

(1− p) + pet
.

The saddlepoint equation is:

K̇(ŝ) =
npeŝ

(1− p) + peŝ
Set
= x =⇒ ŝ(x) = ln

{
(1− p)x

p(n− x)

}
.

The second derivative is:

K̈(t) =
npet

(1− p) + pet

{
1− pet

(1− p) + pet

}
.

Evaluating K̈ at ŝ gives K̈(ŝ) = x(1− x/n). Evaluating K at ŝ gives:

K(ŝ) = n ln

{
(1− p) · n

n− x

}
.

Substituting into (2.2) gives:

f̃(x) =
1√

2πx(1− x/n)
· en ln

{
(1−p)· n

n−x

}
· e−x ln{

(1−p)x
p(n−x)}

=
1√

2πx(1− x/n)
(1− p)n

(
n

n− x

)n{
p(n− x)

(1− p)x

}x
=

ˆ(n
x

)
px(1− p)n−x,
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where ˆ(n
x

)
is Stirling’s approximation to the binomial coefficient. Renormalization gives:

f̂(x) =
ˆ(n
x

)(
n

x

)−1

px(1− p)n−x.

♠

Example 2.3 (Score statistic). Suppose Xi
IID∼ fθ, where f but not θ is known. The

score statistic is:

Ψ(θ) =
n∑
i=1

ψ(Xi; θ) =
n∑
i=1

∂ ln f(Xi; θ)

∂θ
.

The individual-level MGF is given by:

Mi(t) = E
{
etψi(Xi;θ)

}
,

and the CGF by Ki(t) = lnMi(t). With Ki(t), a saddlepoint approximation can be

developed for the sum Ψ(θ), whose CGF is K(t) = nKi(t). ♠

Distribution approximation

Theorem 3.1 (Lugannani Rice approximation). Suppose X is a continuous random

variable with mean µ = E(X). The SPA to the cumulative distribution function F (x)

is:

F̂ (x) =

Φ(ŵ) + ϕ(ŵ)(1/ŵ − 1/û), x ̸= µ,

1
2
+ K(3)(0)

6
√
2πK̈(0)3/2

, x = µ.
(3.1)

Here ŵ = sign(ŝ)
√
2{ŝx−K(ŝ)}, û = ŝ

√
K̈(ŝ), and ŝ is the saddlepoint from (2.1). ϕ(·)

and Φ(·) denote the standard normal density and distribution functions, respectively. □

Example 3.1 (Gamma distribution). SupposeX ∼ Gamma(α, 1), with f(x) = 1
Γ(α)

xα−1e−x,

for x > 0. The MGF is M(t) = (1− t)−α and the CGF is K(t) = −α ln(1− t). The first

derivative of the CGF is K̇(t) = α
1−t . The saddlepoint equation is:

K̇(ŝ) =
α

1− ŝ
Set
= x =⇒ ŝ(x) = 1− α

x
. (3.2)

The second derivative of the CGF is K̈(t) = α
(1−t)2 . Evaluating at ŝ gives K̈(ŝ) = x2/α.

Evaluating K at ŝ gives K(ŝ) = −α ln(α/x). Calculating ŵ:

ŵ = sign(ŝ)
√
2{ŝx−K(ŝ)} = sign(x− α)

√
2{(x− α) + α ln(α/x)}.
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Calculating û:

û = ŝ

√
K̈(ŝ) =

(
1− α

x

) x√
α

=
(x− α)√

α
.

With ŵ and û, the CDF may be approximated as in (3.1). ♠

Theorem 3.2 (Daniels approximation). Suppose X is a discrete random variable with

mean µ = E(X). The SPA to the distribution function is:

P̂(X ≥ x) =


1− Φ(ŵ)− ϕ(ŵ)(1/ŵ − 1/û), x ̸= µ,

1
2
− 1√

2π

{
K(3)(0)

6K̈(0)3/2
− 1

2
√
K̈(0)

}
, x = µ.

(3.3)

Here ŵ = sign(ŝ)
√
2{ŝx−K(ŝ)}, û = (1 − e−ŝ)

√
K̈(ŝ), and ŝ is the saddlepoint from

(2.1). ϕ(·) and Φ(·) denote the standard normal density and distribution functions,

respectively. In comparison to the approximation for the continuous case, notice that

(i) the discrete approximation is given in terms of the right-tail, (ii) the definition of û

is modified, and (iii) the approximation at the mean is modified. □

Example 3.2 (Poisson distribution). Suppose X ∼ Poisson(λ), with f(x) = e−λλx/x!

and x ∈ Z≥0. The MGF is M(t) = e−λ+λe
t
and the CGF is K(t) = −λ + λet. The first

derivative of the CGF is K̇(t) = λet. The saddlepoint equation is:

K̇(ŝ) = λeŝ
Set
= x =⇒ ŝ = ln

(x
λ

)
.

The second derivative of the CGF is K̈(t) = λet = K̇(t), thus K̈(ŝ) = x. Evaluating K

at ŝ gives K(ŝ) = x− λ. Calculating ŵ:

ŵ = sign(ŝ)
√

2{ŝx−K(ŝ)} = sign(x− λ)
√

2{x ln(x/λ)− (x− λ)}

Calculating û:

û = (1− e−ŝ)

√
K̈(ŝ) =

(
1− λ

x

)√
x.

With ŵ and û, the CDF may be approximated as in (3.3). ♠

Conditionals

4.1 Density

Consider approximating the conditional density of Y given X = x:

f(y|x) ≡ f(x, y)

f(x)
.
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A saddlepoint approximation to f(y|x) is obtained by separately approximating the joint

density f(x, y) and the marginal density f(x). Let K(s, t) denote the joint cumulant

generating function:

K(s, t) = lnM(s, t) = lnE
{
esX+tY

}
=

∫
esx+tyf(x, y)dxdy.

Let K̇ denote the gradient of K with respect to both s and t:

K̇(s, t) ≡ ∂K(s, t)

∂(s, t)
.

The unconstrained saddlepoints ŝ and t̂ satisfy:

K̇(ŝ, t̂) = (x, y)

where (x, y) is the tuple at which evaluation of f(y|x) is sought. The approximation to

the joint density f(x, y) is:

f̂(x, y) = (2π)−m/2 det{K̈(ŝ, t̂)}−1/2eK(ŝ,t̂)−ŝx−t̂y,

where m = dim(x) + dim(y) and K̈ is the Hessian of K:

K̈(s, t) =
∂

∂(s, t)′
K̇(s, t) =

∂

∂(s, t)′
∂K(s, t)

∂(s, t)
.

To approximate the marginal density f(x), the constrained saddlepoint s̃ is required:

K̇s(s̃, 0) = x.

Here K̇s = ∂sK(s, t) denotes the partial ofK(s, t) with respect to s only. The saddlepoint

approximation to f(x) is:

f̂(x) = (2π)−mx/2 det{K̈ss(s̃, 0)}−1/2eK(s̃,0)−s̃x,

where mx = dim(x) and K̈ss is the Hessian of K with respect to s only.

Theorem 4.1 (Barndorff-Nielsen and Cox ). The double saddlepoint approximation to

the conditional density of Y given X = x is:

f̂(y|x) = (2π)−my/2

(
det{K̈ss(s̃, 0)}
det{K̈(ŝ, t̂)}

)1/2

exp
[{
K(ŝ, t̂)− ŝx− t̂y

}
−
{
K(s̃, 0)− s̃x

}]
.

Here my = dim(y) and the remaining terms are defined above. □

Created: Mar 2018 6



Edited: Sep 2019 Saddlepoint Approximation Zachary McCaw

4.2 Distribution

Theorem 4.2 (Skovgaard). Suppose Y is a continuous, scalar random variable. The

saddlepoint approximation to F (y|x) = P(Y ≤ y|X = x) is:

F̂ (y|x) = Φ(ŵ) + ϕ(ŵ)(1/ŵ − 1/û),

where:

ŵ = sign(t̂)

√
2{K(s̃, 0)− s̃x} − 2{K(ŝ, t̂)− ŝx− t̂y},

û = t̂

(
det{K̈ss(s̃, 0)}
det{K̈(ŝ, t̂)}

)−1/2

,

(ŝ, t̂) are the unconstrained saddlepoints, satisfying K̇(ŝ, t̂) = (x, y), s̃ is the constrained

saddlepoint, satisfying K̇s(s̃, 0) = x, and t̂ ̸= 0. □

Empirical

Example 5.1 (Sum). Suppose Xi
IID∼ f , where f is unknown. Consider approximating

the distribution of T =
∑n

i=1Xi. The individual-level MGF is Mi(t) = E(etXi), which

can be estimated by

M̂i(t) =
1

n

n∑
i=1

etxi .

The empirical, individual-level CGF is:

K̂i(t) = ln M̂i(t) = ln

{
1

n

n∑
i=1

etxi

}
.

Now, the MGF of the sum T =
∑n

i=1Xi is:

M(t) = E(etT ) = E(et
∑n

i=1Xi) =
n∏
i=1

E(etXi) =
n∏
i=1

Mi(t),

and the CGF is:

K(t) = lnM(t) =
n∑
i=1

lnMi(t) =
n∑
i=1

Ki(t).

Thus, the empirical CGF of the sum is:

K̂n(t) =
n∑
i=1

K̂i(t) =
n∑
i=1

ln

{
1

n

n∑
i=1

etxi

}
= n ln

{
1

n

n∑
i=1

etxi

}
.
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The first derivative is:

ˆ̇Kn(t) = n

∑n
j=1 xje

txj∑n
j=1 e

txj

The second derivative is:

ˆ̈Kn(t) = n
(
∑n

j=1 x
2
je
txj)(

∑n
j=1 e

txj)− (
∑n

j=1 xje
txj)2

(
∑n

j=1 e
txj)2

Finally, the saddlepoint equation ˆ̇Kn(t̂)
Set
= x may be solved empirically for t̂(x). ♠
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