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Quadratic Forms

1.1 Definitions
Definition 1.1. For € R", a quadratic form with matrix A, ., is the function:
Q(x) =x'Ax.

Without loss of generality, A is assumed symmetric, since the quadratic form induced

by a non-symmetric matrix A is equivalent to that induced by the symmetric matrix
A=1A+A) |
Definition 1.2. A matrix A is positive semi-definite if for V& € R x # 0 the
quadratic form Q(x) = «’ Az > 0. If inequality is strict, then A is positive definite. B

1.2 Properties

Remark 1.1. Recall from the spectral theorem that a symmetric matrix A, «,, is uniquely
expressible as A = UAU’, where U is an orthogonal eigenbasis and A is a diagonal ma-

trix of eigenvalues. Since:

L, i=y,

0, ©+#J,

A may be viewed as a linear combination of projection operators:

A= i Aiwu, = i Nw (wug) M) Z NP,
i—1 i—1

1 /

where P; = u;(ulu;)” is projection onto the image of the ith eigenvector wu,;. ¢

Proposition 1.1. For € R", the quadratic form @Q(x) = &’ Az is expressible as:

= Ai(ujz)?
i=1
where ();) are the eigenvalues and (u;) the eigenvectors of A. ¢
Proof. Let A, ., = UAU’. The quadratic form is expressible as:
Q(z) = ' Az = tr(x' Az) = tr(’ UAU ' x)

Let y = U'x, then:

Q(z) = tr(y'Ay) = tr(Ayy’) ZM/Z > Ni(ujx)?
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Proposition 1.2 (Rayleigh Quotient). For a symmetric matrix A, ,:

sup  u'Au = max()\;),
{uw:||u|2=1} =1

where ();) are the eigenvalues of A. ¢

Proof. Let Q(x) = '’ Az denote a quadratic form induced by A. Take the spectral
decomposition A = UAU’. Since U is an eigenbasis for R", every x is expressible as
x = UQ,, for some coeflicient 3,. Now:

_ 3 (ula)’ Z)\ wUB,)’ Z)\ ¢\B.)? Zkzﬁizﬁmax( 08,8
i=1

||? is equal to the squared norm of the original

The squared norm of the coefficient ||3,

vector a:

Hﬁxw = IB;IBI = ﬁ;U/UIBx = (Uﬁw),Uﬁx =2'r = HwH2
Rearranging the bound on the quadratic form gives:

rAxr x'Ax n

= < m
ﬁ;;@x ' ~ i=1

Defining w = x/||x|| such that ||u||*> = v'u = 1 gives w'Au < max()\;). Finally, since

the bound is independent of x, conclude that:

sup  w' Au = max()\,).

(il 2=1} =1
|

The Y2 Distribution
2.1 Definitions
2.1.1 Central
Definition 2.1. If (Z;) are independent N(0,1) random variates, then the sum:

Z 22 - XI/(O)

i=1
follows a central y? distribution with v degrees of freedom. [ |

Proposition 2.1. The distribution of a x?(0) random variable is gamma with shape

parameter o« = 1/2 and rate parameter A = 1/2. ¢
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Proof. Let Z ~ N(0,1) and set Y = Z2. The distribution of Y is:

P(Y <y)=P(Z* <y) = P(-Vy < Z < Vy) = 2(\/y) — (=)

Differentiating to obtain the density:

fy)=o(Vy)- ﬁ + d(—/Y) - % = 6(\/7) - % _ \/%ylm—le—y/g

[
Proposition 2.2. The characteristic function of the x2(0) distribution is:
P(w) = (1 — 2iw) /2.
¢
Proof. Suppose Z; are IID N(0,1). The characteristic function of Y = "7 | Z7 is:
b (w) = E ( Wy ) =IIE <ein?) =T ¢1(w)
i=1 i=1
where ¢;(w) is the characteristic function of the x%(0) distribution. Finding ¢;(w):
) 1 * 2 _ 2
w)=E (e“”zi2 = —/ e e 2y
¢1< ) \/%
e (2i9) g (1~ 2400) V2,
\/ 2m / ( )
[

Corollary 2.1. The central y? distribution with n degrees of freedom is a gamma

distribution with shape parameter o = n/2 and rate A\ = 1/2.

2(0) £ Gl =n/2,A =1/2).

2.1.2 Non-Central

Definition 2.2. If (X;) are independent N(yu;,0?) random variables, then the sum:

1 & d
;ZXE = X5(9)
=1

follows a non-central y? distribution with v degrees of freedom and non-centrality pa-

rameter:

1 v
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Proposition 2.3. For an integer k£ > 0:

22 (END(k +1/2) = (2k)!/T.

¢
Proof. Using the recursion I'(k + 1) = kI'(k):
Fk+1/2)=(k—1/2)(k—3/2)---(1/2)T'(1/2)
= (1/2)"(2k —1)(2k — 3) - -- (1)v/7 = (1/2)F(2k — 1)I1/7.
Observe that (2k — 1)!! contains the odd terms from (2k)!, which is expressible as:
(2k) =2k - (2k — 1)(2k — 2)(2k — 3)(2k — 4) - - - (2)(1)
= (2% —1)(2k —3) -+ (1) - 2(k)2(k — 1) -- - 2(1)
= (2k — 1)1 - 25 (K!).
Substituting (28k!)~1(2k)! for (2k — 1)!! in the expression for I'(k + 1/2) gives:
D(k+1/2) = 27%(2%kD) ™ (2k) /7.
|
Proposition 2.4. The density of x%() is:
o k k—1/2,—y/2
fly)=e 2 kz_o (5?;) . 2k+yi/2p/(/:j/1/2)'
¢
Proof. Suppose Z ~ N(0,1), and let Y = (Z + pu)?, where u = V8. The distribution of

Y is:

PY <y)=P{(Z+p’ <y} =P(—/y<Z+pn<\/y)
— P\i =1 < Z < = 1) = B(V5 — 1) = D(—j — ).

Differentiating to obtain the density:

f(y)=¢(ﬂ—u)-$+¢(—\/§—u)-$
1

_ ~(Vi-1)?/2 —<ﬂ+u>2/2>
221y <€ te

_ (€H\/?7 + 6—#\/5) .

24/ 27y
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Using the Taylor series representation:

%(e“ere ) = kazo((ﬂ\]j!_) +(_“]X§))—EZ\/§“{1+(—1)’“}.

Observe that the summand vanishes for odd k, therefore:

1o =V Syl

- § 1 )k = :
2 { + (=D} = ZX(; (20)! > (20)!

Substituting the power series representation into the density:

[\

_ 2 o) 2
e~ (ytu?)/2 y* 2 ¢ n?/2 Z m -yk‘1/26‘9/2.
V2my pr (2k)! V2 prd (2k)!\/7

Applying the identity from the previous proposition:

fly) =

0 2k

— e /2 K yfT ey
fly)=e 222k+1/2(k;!)F(k;+1/2) s

_ Z 2 (12 )2)F 1 J12eu2
K MRk 1 1/2)

Observe that e #*/2(12/2)%/(k!) is the density of the Poisson distribution, with mean
p?/2, and that:

1 o122 1  CHD/2-1 /2
ST (k4 1/2) ST + 1/2)

is the density of the x3,,,(0) distribution. The non-central x}(d) is therefore a Poisson

mixture of central x3, , distributions. [

Proposition 2.5. The characteristic function of the x2(d) distribution is:
P(w) = e/ A=2) (1 _ 90y)7/2, (2.1)

¢

Proof. Let (Z;) denote independent N (0, 1), set u = V4, and define:
Y =(Z,+n’+> 7
such that ¥ has a x2(d) distribution. The characteristic function of Y is:

(by(w) —-F (eiw{(Zu-Hﬁ)?-l-ZZ_ll Z?}) _ E( w(Zy+u) ) HE ( szz) _ (bl’é(w)(bzf—l(w)’
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where ¢;(w) is the characteristic function of the x3(0) distribution, and ¢ s5(w) is the
characteristic function of the x%(d) distribution. Finding the latter:

P1.5(w 5 / eI o= 2 = / e 2g(Z)dz
\/ T V2

where:

g(2) = 2% — 2iw(z + p)? = 2% — 2iw(2* + p® + 2zu)
= —2iwp® + 22(1 — 2iw) — diwzp
diwz }

= —2iwp® + (1 — 2iw) {22 ~ 1.9
— 2iw

Let o = (1 — 2iw) ' 2iwpu, then:

9(z) = =2iwp® + (1 — 2iw){z* — 2a}
= —2iwp?® + (1 — in){(z —a)’—a’}

_ Aw?pi? : 2
= —2iwp® + T 90 + (1 —2iw)(z — «)
2
= —2wu® {@ 1 —C;iw} + (1 — 2iw)(z — a)?
— Qi
- _“;ZJ + (1 — 2iw)(z — ).

Thus, ¢1s(w) resolves to:

Bro(w) = elr/ U2 o~ (=20 (z=a)/2 g, _ pion®/(1=2i) | (1 _ 9j,,)=1/2,

sl

|
Corollary 2.2. The density of the x2(d) distribution is:
o S k (2k+v)/2—1 ,—y/2
) — o—0/2 (6/2)* y € 99
Jly)=e kz; k! 2k+”/2F( +v/2)’ (22)
which is a Poisson (4%/2) mixture of x3,.,(0) distributions. &

Remark 2.1. The corollary is verified by showing the characteristic function of the
X2(8) density in (2.2) is the characteristic function in (2.1). ¢

2.2 Properties

Proposition 2.6. The mean and variance of the x2(9) distribution are:

E{x;(0)} =0+,
V{Xo(6)} =46 + 2v.
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Proof. From the characteristic function, the moment generating function is:
M(t) = /072D . (1 — 2¢)7/2,

The cumulant generating function is:

K(t) = 1i—52t - gln(l —2).
The first derivative of K is:
K(t) =0(1—2t)" 4+ 2t5(1 — 26) 2 + (1 — 2t) %,
Evaluating at ¢ = 0 gives the expectation:
E{x2(0)} = K(0) =6 +v.
The second derivative of K is:
K(t) =20(1 —2t)72 +26(1 — 2t) 72 + 8t6(1 — 2t) > + 2v(1 — 2t) 2.

Evaluating at ¢ = 0 gives the variance:

V{x2(6)} = K(0) = 40 + 2v.

Quadratic Forms in Normal Random Variables

Proposition 3.1. Suppose y,x1 ~ N(,u,aQInxn) and P, ., is the projection onto a
linear subspace V' C R™ of dimension m = dim(V') = tr(P) < n. Then:

Qy) =07 y'Py ~ x;,(9), (3.1)
with non-centrality parameter (NCP) 6 =072 - /' Pp. ¢

Proof. Let UAU’ denote the spectral decomposition of P, then the quadratic form is
expressible as: Q(y) = 072 - y'UAU"y. Define & = U'y, then since U is orthogonal,

x~ N (U’ w, oI ), which shows the components of & are independent.

Recall that all eigenvalues of a projection matrix are either 1 or 0. Since P is projection
onto a subspace of dimension m, the first m eigenvalues are 1, and the remaining (n —m)

are 0. Now the quadratic form is expressible as:

1 & 1 &
—2 / 2 2
Qly) =0 Az = —; ;:1: AP =3 ;ZI:XZ- :
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where X; ~ N(uiu,0?). Conclude that Q(y) follows a non-central x?2 (8) distribution,

with non-centrality parameter:

m n

1 1 B .
0 = ;Z(u;u)Q = ;ZAZ(U”"’)2 =0 Q'M/UAU/[,L:O' Q'M/Pl,l,.

i=1 i=1

Theorem 3.1. Suppose y,x1 ~ N(u,X), and A, ., is symmetric, positive definite. The

distribution of Q(y) = y’ Ay is a mixture of non-central x? distributions:
Qly) =y Ay ~ Z Aixi(63), (3.2)
i=1

where §; = v2, v; = elU'S"Y2u, U is the eigenbasis of £Y/2AXY2 and ()\;) are the

(2

corresponding eigenvalues. U

Proof. Let y = 322 4 p where z ~ N(0, I). Express Q(y) as:

Qly) = (22 + p) A(Sz + p)
= (z4+Z7V2u)SPADY2 (2 + =72,

Let UAU’ denote the spectral decomposition of /2 AX1/2. Re-expressing the quadratic
form with use of the spectral decomposition of UAU":

Q(z) = (z+ =7 2u)UAU (2 + =p)
= U'z+ U YV2u)ANUz+UE V).

Let v = U'S"Y2p and define = U’z + v, then:
w~U’z+l/iN(07I) —i—l/iN(U,I).

It follows that the quadratic form is a weighted sum of non-central x? distributions:
Qz) =2'Az=> XNX7 = \xi(d),
i=1 i=1

where X; ~ N(l/i, 1), v; = elv =eU'S"?u, and §; = 2. [ |

Proposition 3.2. If A has a known Cholesky decomposition A = LL’, then the eigen-
basis U and eigenvalues A appearing in (3.2) may be obtained from the spectral decom-
position of L'3L. ¢
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Proof. Using the Cholesky decomposition:
Q(y) =y LL'y = (L'y)'I(Ly).
Let € = L'y ~ N(L'w, L'SL). Applying (3.2), U is the eigenbasis of:
(L=0)"’1(r'sL)"”? = (I'SL).
|

Proposition 3.3. The matrix /2 AX!/2 appearing in (3.2) and the matrix AX have

the same eigenvalues. ¢

Proof. Recall that matrices A and B are similar if there exists an invertible change of
basis S such that B = S7'AS, and that similar matrices have the same eigenvalues. If
3 is positive definite, then 3'/? exists and is invertible; thus A and ZY/2AXY? are
similar matrices: (AX) = R~1V2(Z1/2AXY2)01/2, [ |

Example 3.1. Suppose ¥+, is symmetric, positive semi-definite, then by the spectral
decomposition ¥ = UAU’, where U is orthogonal and A\; > 0 for each i € {1,--- ,n}.
The square root of ¥ is B2 = UAY2U’ since:

S2R2 = (UAVPU') (UAVPU') = UAU = £
If 3 is positive definite (\; > 0 for Vi), then the inverse of ¥ is 37! = UA"!U’ since:
5! = (UAU) (UA'U') = I = (UA™'U') (UAU') = 'S

It follows that X712 = UA~'2U’ is the square root of 3~!. Moreover, expressing each

matrix in terms of U and A gives the identities:

DR N GRS § R REEY §

Example 3.2. Suppose in (3.2) that y,x1 ~ N(p,, E), and that A = X7, Then:
21/2A21/2 _ 21/227121/2 —TI.
Consequently, U = I and ); = 1 for Vi. Now v; = €/X7 "2y, and:
_ - d
Q) =y'= 'y~ > xi(0:) = X%(0),
i=1

n

6= 6= (&X' p)?=pSp
=1

i=1
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Example 3.3. Suppose in (3.2) that 3 = 021, such that y,x; ~ N(u, O'2I). Moreover,
let © = 0~' -y, such that @,1 ~ N(oc~ ', I). Consider the distribution of:
/
A
Qx) =x'Azx = vey

o2

By direct application of the theorem:
Q(x) ~ Z Aixi(0:),
i=1

where §; = 12, v; = elU'c'p = o 'uju, U is the eigenbasis of A, and ()\;) are the

corresponding eigenvalues. If in addition A is a projection matrix of dimension m, then

the first m eigenvalues of A are 1, and the remainder 0, such that:
- d
Qx) ~ > Xi(6:) = x2(6),
i=1

& 1 — 1 « 1

0= 0i=— > (uip)’ = s > iplwulp = ;M'AM-
i=1 i=1 i=1

Finally, if 4 = 0 and A = I, which is a projection matrix, then:

n

Q) = w'z = LY ~ 3" 32(0) £ 2(0).

o2 :
=1
[ Y

Remark 3.1. For numerical calculation of P{Q(m) > t}, see the CompQuadForm pack-
age in R. Let U and A denote the eigenbasis and eigenvalues obtained from spectral
decomposition of 3/2A31/2. The required inputs are the eigenvalues A , and the non-

—-1/2

centrality parameters § = v®2, where v = U'X"Y2pu and v®? denotes the element-wise

square. If up = 0, then & = 0, and the eigenvalues are more easily obtained from AY. ¢

Theorem 3.2 (Cochran’s). Suppose Y,x1 ~ N(u,I), and (A;) are symmetric ma-
trices with > . A; = I. Let n;, = rank(A;) and §; = ' A;u. Then, Q; = y,A;y, are
independent x?2 (&;) random variables <= ", n; = n. O

Example 3.4. Suppose y,x1 ~ N(p,0%I), and define @, = o'y ~ N(o7'p, I).
Let P denote projection onto a linear subspace V' of dimension m, and Q = I — P
projection onto the orthogonal complement V+. Now since n; = m and ny = n — m,
with ny + ny = n, by Cochran’s theorem y'Py ~ x2,(6;) and y'Qy ~ x2_,.(02) are
independent, with 6; = 072 - /P and 6, = 072 - pf/'Qp. ('
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Example 3.5. Suppose y ~ N(0,02I). Let P; and P, denote projections onto orthog-
onal spaces P, P, = 0. Define:

z1 =0 Py~ N(0, P), 2y =0 'Pyy ~ N0, P,).
The joint distribution of z; and z, is expressible as:
zZ1 _1 P1 % 0 P1 0
=0 =P ~ N )
(E)=r (Ro=ro-n {5 o
Since z; and z9 are independent jointly normal random variables, the quadratic forms:
z1z1 =0y Py, Zhzo =0 "y Py

are independent y? random variables. Moreover, the ratio:

ziz1/m _ y'Pry/n, N
zhzo/ne Y Poy/no

Foyna (0)

follows a central F distribution with n; and ny degrees of freedom.
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