Updated: Nov 2019 Summary of Probability Zachary McCaw

Measures

Definition 1.1. A o-algebra .# over a set (2 is a non-empty class of subsets having

these properties:
i. Q and () belong to .Z#.
ii. If Ae #, then Q\ A€ Z.
iii. If (A,) is countable and A, € .%, then U® A, € .Z.
[

Definition 1.2. The o-algebra generated by a class of sets &7 is the intersection of all
o-algebras containing o7. If (Q, 7)) is a topological space, the Borel o-algebra 4 is that
generated by the topology, = o(T). [

Example 1.1. The Borel o-algebra on R is that generated by the open intervals {(a, b) :
a < b}, by the left open right closed intervals {(a,b] : a < b}, and by the semi-infinite
intervals {(—o0,b]}. A

Definition 1.3. A measure p over (€,.%) is a set-function u : % — [0, 00] satisfying:
1. (Null measure): u(0) = 0; and

ii. (Disjoint additivity) If (A,) is a countable disjoint collection:

K ([j An) = iM(An)

Discussion 1.1. The Borel measure up defined on the Borel o-algebra A(R) is the
unique measure that assigns to each interval (a,b] its length pup{(a,b]} = b —a. The
Lebesgue o-algebra Z(R) is a refinement of the Borel o-algebra that includes all subsets
of measure-zero sets. The Lebesgue measure A defined on Z(R) is the likewise the unique
measure that assigns to each interval (a,b] its length A{(a,b]} = b — a. The Borel and
Lebesgue measures agree on all sets for which both are defined. However, there exist

sets that are Lebesgue but not Borel measurable. [

Theorem 1.1 (Caratheodory Extension). Suppose A C P(Q) is a (semi-)algebra and
that P : A — [0,1] is a o-additive set function s.t. P(2) = 1; there exists a unique
extension of P onto o(A). O
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Example 1.2. Define an equivalence relation ~ where x ~ y if v+ —y € Q. For each
x € [0, 1], assign z to its equivalence class [x]. Observe that all rational numbers belong
to the same equivalence class, while all numbers of the form (¢ 4 ¢) N[0, 1], with ¢ € I
irrational and ¢ € Q rational, belong to another. Now each x € [0, 1] belongs to exactly
one equivalence class, and there are infinitely many such classes. Form a new set V
by selecting one representative from each equivalence class. The resulting Vitali set is

unmeasurable w.r.t. \. '

1.1 Measurability

Definition 1.4. A mapping f between measurable spaces (S,.) and (T,.7) is mea-
surable if the pre-image f~!(B) of each measurable set B in the o-algebra .7 on the

target space belongs to the o-algebra on the source space .%. |

Theorem 1.2. Suppose % is a class of subsets generating the o-algebra .7 on the target
space: o(%) = 7. A mapping [ is measurable < f~Y%)C .7. O

Lemma 1.1. Every continuous and piece-wise continuous function is measurable. W
Lemma 1.2. Suppose (f,,) is a sequence of measurable functions, then:
— sup,, fn(s) and inf,, f,,(s) are measurable.
— limsup,, f,(s) and liminf, f,(s) are measurable.
— If lim,, o fn(s) exists for Vs in the domain, then lim,,_,, f,(s) is measurable.
[ |

Definition 1.5. The o-algebra generated by a random variable X : (X, /) — (R,.%)

is the collection of sets:

o(X) = [{w:X(w)EB}:BGZ]

Lemma 1.3. If 7 is a class of subsets generating £, then:

o(X)= [{w:X(w)GU}:UG%].
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1.2 Probability

Definition 1.6. A probability measure P : % — [0, 1] is a measure that assigns P(()) = 0
and P(Q2) = 1. A probability space is the triple of an even space (), a g-algebra .#, and
a probability measure P. |

Definition 1.7. A random variable is a measurable mapping from a probability space
(Q, #,P) into (R,.Z). The distribution induced by a random variable is the set function
Px(B) =P{X!(B)} for VB € Z. [ |

Discussion 1.2. The distribution Py is a probability measure on (R, .Z), while the base
probability measure P is defined on (2, .%). The requirement that the random variable X
is measurable ensure that the pre-image X ~!(B) of any measurable set B € ¢ belongs
to the o-algebra .7 (). [

1.3 Density

Definition 1.8. Suppose (X, /) is a measurable space. Let v and p denote two mea-
sures over /. v is absolutely continuous w.r.t. u, denoted v < i, v assigns measure

zero whenever y assigns measure zero:
p(A) =0 = v(A) =0.
n
Lemma 1.4. v < i <= for Ve > 0 there 30 > 0 s.t. if u(A) <d = v(4A) <e. N

Definition 1.9. Measure space (X, <7, u) is finite if u(X) < oo, and o-finite if there
exists a countable union U2 | &), of finite sets such that X = U2 | &), and p(X,) <oco. W

Theorem 1.3 (Radon-Nikodym). Suppose (X, <) is a measure space, that v and p
are o-finite measures on o7, and that v is absolutely continuous w.r.t. u: v < p. Then

there exists an a.s. unique, non-negative, measurable density f such that:

V(A) = /A fdp.

f is called the Radon-Nikodym derivative of v w.r.t. p, and is denoted f = j—l’:. O

Remark 1.1. A random variable X that admits a density fx w.r.t. the Lebesgue mea-
sure A on (R,.%) is described as absolutely continuous. A discrete random variable is

supported on a countable set, and absolutely continuous w.r.t. the counting measure. ¢
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Integration

2.1 Lebesgue Integral

Discussion 2.1. The idea of Lebesgue integration is to partition the range, rather than
the domain, of a bounded measurable function f : S — T into a finite number of
disjoint intervals, T; = (t;_1, t;], then approximate the area under the graph (s, fs) using
a tag-point tf € T; and the measure of the pre-image u{f~*(7;)}. The lower and upper

Lebesgue sums are:

L(f,T) =Y tiapdfH(T)} U(f,T) =Yt fH T}
i=1 =1
A function is Lebesgue integrable if the infimum of the upper sum, across all possible
partitions of the image, matches the supremum of the lower sum. [
Remark 2.1. For evaluating Lebesgue integrals, 0 x oo = 0. ¢

Definition 2.1 (Indicator Function). The Lebesgue integral of an indicator I4 for a

/S]IAd)\ = /Ad)\ = A(A).

Definition 2.2 (Simple Function). A simple function f :S — T is one whose image is
a finite set of non-negative reals T' = {t;,--- ,t,}. Define S; = f71(t;) = {s: f(s) =t}
as the pre-image of ¢;. Note that the S; are disjoint and partition the source space:

measurable set A is:

Ur,S; = S. If each S; is measurable, then the Lebesgue integral of f is:

/S far=>" tu(S)

and the integral over A C §'is:

/SfHACD\ = /AfdA = ;W(A nsy).

Definition 2.3 (Non-Negative Function). Let G denote the set of measurable simple

functions on S. If f is a non-negative measurable function, then the Lebesgue integral is

defined as:
/fd)\:sup{/gd)\:ogggf}.
S g€y S
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Theorem 2.1. Suppose f is a non-negative measurable function, then:

e (Approzimation) There exists a sequence of simple functions (f,,) s.t. f, T f.

(Vanishing) f =0 a.e. on A <= [, fd\ =0.

(Monotonicity) If f > g on A, then fA fdu > fA gdyu.
(Bounding): infa(f)u(A) < [, fdu < supo(f)p(A).

(Triangle inequality): | [, fdu| < [, |fldp.

Definition 2.4 (General Function). Define the positive and negative parts of f as:

frw) = fw) - {f(w) >0}, f (W) = —f(w) - T{f(w) <0}

Note that the positive and negative parts of f are each non-negative. If f is a measurable

function and either the positive or the negative integral is finite:

min (/Sj”rdA,/sf‘d)\) < o0,

then the Lebesque integral exists and is defined as:

/Sfd)\z/sﬁd)\—/sf‘d)\.

If the positive [ ¢ fTdX and negative | ¢ J7d\ integrals are both finite, then f is described
as integrable, denoted f € £(2). [ |

Lemma 2.1. Suppose (9,.%, 1) is a measure space and f is a non-negative function,
then the mapping v(A) = [, fdu for A € F defines a measure v < . [ |

2.2 Monotone and Dominated Convergence

Remark 2.2. The major theorems of Lebesgue integration are the monotone conver-
gence theorem (MCT) and the dominated convergence theorem (DCT). Each theorem

allows for the interchange of a limiting process with integration. ¢

Theorem 2.2 (Monotone Convergence). If (f,) is a sequence of non-negative mea-
surable functions with f,, < f for Vs in the domain, and f,, T f as n — oo, then:

/S Fud\ 1 /S Fd.
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Remark 2.3. Recall that liminf, . f, is lim, o g, where g,(s) = infy>, fr(s). Simi-
larly, lim sup,, ., fn is lim, o h,, Where hy,(s) = supys,, fi(s). The limit superior always

exceeds the limit inferior:

hm mf fn <limsup f,.

n—oo

If the limit inferior matches the limit superior, then lim,, ., f, exists and:

lim f, = hm 1nf frn = limsup f,.

n—00 n—00
¢
Lemma 2.2 (Fatou). For a sequence (f,,) of non-negative measurable functions:
/S (hg%rgf fn> d\ < lim inf ( /S fnd)\) .
[ |

Theorem 2.3 (Dominated Convergence). Let (f,) and g denote measurable func-
tions. Suppose f, — f asn — oo, and that g is non-negative and integrable. If | f,| < g,
then (f,) and f are integrable, and:

nlg& (/ fndA) / hm fn d>\ /fd)\

U
Corollary 2.1. Suppose the sequence (f,,) converges uniformly to f on [a, b]:
lim sup ‘fn - f(s)} =0.
N0 scla,b]
If each f, is integrable, then f is integrable, and:
b b b
lim ( / fndA> - / <lim fn> A\ = / FdA.
n—oo a a n—oo a
)

Theorem 2.4 (Beppo Levi). Suppose (f,,) is a sequence of measurable functions, and

that:
; </S|fn|d,u> < 00.

Then the series >~ | f,, converges absolutely almost everywhere, and:

[(Z5) =53 (f)
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2.3 Reduction to Riemann

Theorem 2.5. Suppose f : [a,b] — R is bounded:

e f is Riemann integrable <= it is a.e. continuous w.r.t. the Lebesgue measure.
Equally, f is Riemann integrable <= the set of discontinuities has Lebesgue

measure zero.

e If f is Riemann integrable on [a,b], then f is Lebesgue integrable, and the two

integrals agree.
O

Lemma 2.3. Suppose f : [a,b] — R is bounded and monotone, then f is Riemann (and

therefore Lebesgue) integrable. |

2.4 Product Measures

Discussion 2.2. Suppose (€2, 1, u1) and (22, Fo, 112) are o-finite measure spaces. Let
Q =y x Qy and define the product o-algebra as:

F = O'{Al X Ag : Al S ﬁl,Ag S gzg}
The goal is to construct a measure p on % such that if A; € %, and Ay € F,, then:

1(Ar x Az) = p1 (A1) pa(As).

[
Theorem 2.6. Suppose i1, p2 are o-finite. For A € %, define the sections:
Awr, @) = {ws : (wi,ws) € A}, Ao, ws) = {wr : (wr,ws) € A},
Then the following integrals are equivalent:
L = /Q Mz{A(w1, ‘)}dﬂl(wl), I, = /Q M1{A(°,w2)}duz(w2)~
1 2
and this common quantity p(A) is defined as the product measure:
w(A) =1 = Is.
O
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Theorem 2.7 (Fubini). Suppose p1, o are o-finite and f : 3 x Q5 — R is product

measurable. If either of the following integrals is finite:

n=[ ( | Forldia(en) ) doon).
Jy = /Q2 ( o ’f(wlaw)’dm(wl)) dpz(w2),

then both are finite, the following integrals are equivalent:

n= [ ( | Flnduae) ) dter), 1= | 2 ( i Fenn)dpn ) ) ()

and this common quantity is defined as the product integral:

/ f(w17w2)d,u(wlaw2) =1 = 1.
leﬂz

2.5 Lebesgue-Stieltjes Integral
Theorem 2.8.

i. Suppose p is a o-finite measure on (R, .%). The function G defined, up to an additive
constant, by G(b) — G(a) = p(a, b] is cddldg and non-decreasing.

ii. Suppose G : R — R is cddldg and non-decreasing. For any finite interval (a,b], let
w(a,b) = G(b) — G(a). There exists a unique extension of p onto (R,.Z).
O

Definition 2.5. Suppose f : R — R is measurable, G is cddldg non-decreasing, and
ig is the measure on (R,.Z) induced by G. The Lebesgue-Stieltjes integral of f

w.r.t. the integrator G is defined as the Lebesgue integral of f w.r.t. the measure pug:

/A Fw)dG(w) = / F(@)dpa ().

[ |
Definition 2.6. Define the total variation of a function G on an interval [a, b] as:
TVela,b] = sup § > |Glwr) — Glwr—1)| ¢ »
Plab] | =g
where the supremum is taken across all finite partitions a = wg < -+ < w,, = b of the

interval [a, b]. The function G is of bounded variation on [a, b] if the total variation is
finite: TVg[a,b] < co. [
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Discussion 2.3. If G is a cddldag function of bounded wariation then there exists a
decomposition of G as Gy — G2, where GG; and G5 are both cddldg and non-decreasing.

The Lebesgue-Stieltjes integral of a bounded, measurable function f w.r.t. GG is then:

/f )dG (w /f )dG (w /f )Gy (w

Example 2.1.

i. Suppose the integrator G is a non-decreasing step function with jumps at (wy).
Define AG,,(wy,) as G(w,) — G(w,—) > 0. Then the measure ug induced by G is
discrete, and the Lebesgue-Stieltjes integral of f w.r.t. G is:

/f G = S Fwn)AG(w).

{wre(a,b]}

ii. Suppose the integrator G has derivative g > 0 at each w € (a, b], then the measure
e induced by G is absolutely continuous w.r.t. the Lebesgue measure, and the

Lebesgue-Stieltjes integral of f w.r.t. G is:

/f )G /f

iii. Suppose the integrator G is increasing and differentiable except for at most countably

many jump discontinuities (wy). The Lebesgue-Stieltjes integral of f w.r.t. G is:

/f el /f Wdo+ S F)AG(w).

{wr€(ab]}
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Statistical Properties

3.1 Independence

Definition 3.1. Suppose (2,.7,P) is a probability space. Events A and B are inde-
pendent if P(AN B) = P(A)P(B). |

Theorem 3.1 (Borel Cantelli).

e If (A,) is any sequence of events and )~ P(A,) < oo, then:

P (lim sup An> = 0.

n—0o0

o If (A,) are independent events and Y~ P(A,) = oo, then:

P (lim sup An> =1.

n—00

O

Definition 3.2. The tail o-field generated by a sequence (X,,) of random variables is:

T = mU(XnaXn+la"')'

n=1

Theorem 3.2 (Kolmogorov’s Zero-One Law). If (X,) is a sequence of independent
random variables, and A € .7 is a tail field event, then P(A) =0 or P(A) = 1. O

Corollary 3.1.
e The event that > ° | X,, converges has probability 0 or 1.
e The limsup, .. X, and liminf, .., X, are constant with probability 1.

&

Definition 3.3. Suppose X; maps (2,.%,P) to (X}, <) and X, maps (2, #,P) to
(Xy, o). X is independent of X, if:

]P(Xl cANX, e Ag) = P(Xl S Al)]P)(XQ S Ag)
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Definition 3.4. A cumulative distribution function (CDF) F is a cddldg (contin-

uous on the right with limits on the left), non-decreasing function, satisfying:
lim F(z) =0, lim F(z) = 1.
Tr——00 T—00

Lemma 3.1. If F : R — [0,1] is a CDF, there exists a random variable X (w) on
([0,1],Z, ) whose distribution is F. [ |

Theorem 3.3 (Factorization). The random variables X; and X, are independent

<= the joint distribution function factors as the product of marginals:

P(X; <6,X, <&)=P(X; <&)P(Xy <&).

3.2 Expectation

Definition 3.5. The expectation of a random variable X mapping from a probability
space (§2,.%#,P) to the measure space (R,.Z) is defined as:

E(X) = /Q X (w)dP(w).
If A e .7, then the expectation over A is:
BXL) = [ X(@)dP(w).
|

Discussion 3.1. Let Fx(z) = P{X!(—o0,z]} denote the CDF of a random variable

X. The expectation is expressible as:

E(X) = /Xx dFy(x).

If the distribution Px admits a density fx w.r.t. measure p on (R,.Z), then:

B(X) = [ o fx(a)duta).
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Example 3.1. Suppose X is a simple random variable on (92, #,P) — (R,.%), then X

is expressible as a linear combination of indicators:

W) = > L)

where A; C Q are disjoint measurable sets, and U}-’ZlAj = (2. The expectation is:

/X )dP(w Zx]/]IA )dP(w ij

[ )

Remark 3.1. The MCT and DCT for random variables give conditions under which a
limiting process may be exchanged with expectation. The MCT requires monotone con-
vergence and non-negativity. The DCT relaxes monotonicity but requires the existence

of a dominating, integrable random variable. ¢

Theorem 3.4 (Monotone Convergence). If X(w) < Y(w), then E(X) < E(Y).
Moreover, if 0 < X,,(w) and X,,(w) T X (w), then:

lim E(X,) = E ( lim Xn> .
n—oo n—oo
0

Theorem 3.5 (Dominated Convergence). If X,,(w) — X (w) and there exists random
variable Z s.t. E|Z| < oo, then:

lim E(X,) = E ( lim Xn> ,
n—o0 n—oo

and lim,, . E|X, — X| =0. O

3.3 Conditional Expectation

Definition 3.6. Suppose Y (w) is a random variable on (€2,.#,P) and 4 C .Z is a
sub-o-algebra. A random variable Z(w) that is:

i. measurable w.r.t. 4, i.e. for VB € ., Z7'(B) € ¢4; and

ii. satisfies the integral identity:

/YdIP’:/Zd]P’, for VG € ¢
G G

is the conditional expectation of Y w.r.t. ¢, denoted Z = E(Y'|9). [
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Example 3.2. Suppose X (w) and Y (w) are random variables on (£2,.%#,P), and that
E(Y?) < co. Recall that the o-algebra generated by X is:

o(X) = [{w:X(w)GB}:BGg].

Denote o(X) by ¢, and let Z denote the orthogonal projection of Y onto the space
L2(9) of square-integrable, ¥-measurable functions. Then for VZ* € £L*(9):

Y- 72,77 = /(Y — 2V 74P =0,

and in particular for Z* = Iz where G € ¥¢:

/YdIP:/Zd]P.
G G

Thus Z = E(Y'|G) may be interpreted as the orthogonal projection of Y onto the space

of square-integrable, o (X )-measurable functions. [

Remark 3.2. For a continuous random variable Y (w), standard notation E(Y|X) de-

notes the random variable:
(EVIH) = [ v HulXe)dy
that is 1. measurable o(X), and 2. satisfies:
E{YTa} = E{E(Y]X)L4},

for VA € o(X). Since Q2 always belongs to o(X), the law of iterated expectation follows
immediately: E(Y) = E{E(Y|X)}. ¢
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