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Notation

Consider a collection of m hypotheses {Hy, -, H,}. Let p; denote the p-value corre-
sponding to hypothesis H; when the hypotheses are unordered. Let Hj; and pp; denote
the sth hypothesis and p-value when the hypotheses are ordered a priori. Let H; and
P(;) denote the ith hypothesis and p-value when the hypotheses are ordered a posteriori,
in ascending order by the p-values: pq)y < -+ < pi).

Methods for Family Wise Error Rate Control

2.1 Family-wise Error Rate

Definition 2.1. Across m tests, the family-wise error rate (FWER) is the probability
of incorrectly rejecting at least 1 null hypothesis. Multiple testing correction refers to
adjusting the observed p-values such that, across all m tests, the FWER is < a. |

2.2 Bonferroni’s Method

In Bonferroni’s method, hypothesis H; is rejected if p; < a/m. Using sub-additivity,
the probability of a type I error is:
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2.3 Holm’s Method

In Holm’s method [7] the p-values are first sorted in ascending order. The smallest p-
value py) is compared to a/m. If p1y > a/m, then H(yy is not rejected and the procedure
stops. Otherwise, H(,) is rejected, and the second smallest p-value p(s) is compared with
a/(m—1). If poy > a/(m — 1), then H(yy is not rejected and the procedure stops. Else,
H ) is rejected, and the third smallest p-value p(s) is compared with a/(m — 2). The
procedure continues until one of the ordered p-values exceeds its threshold, or all null
hypotheses have been rejected. If the procedure stops at pyy > «o/(m — k + 1), then
hypotheses Hy),- -, Hy—1) are rejected, and hypotheses Hy, -+, Hy,) are retained.

Holm’s method is described as a step-down procedure because the p-values are visited
in decreasing order of significance. Holm’s method is uniformly more powerful than Bon-
ferroni’s, yet applicable under the same circumstances. Therefore, unless Bonferroni’s

method is favored for simplicity, Holm’s method is preferred.
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2.4 Hochberg’s Method

Hochberg’s method [6] is the reflection of Holm’s method. The p-values first are sorted
in ascending order. Now, however, the largest p-value p,,) is compared to a. If p,,) < o,
then H,, is rejected and the procedure stops. Otherwise, H(,,) is retained, and the next
largest p-value p(,—_1) is compared with o/2. If po,—1) < /2, then H,,—) is rejected
and the procedure stops. Else, H(,,_1) is retained, and p(,—9) is compared with o/3.
The procedure continues until one of the ordered p-values falls below its threshold, or all
null hypotheses have been retained. If the procedure stops at py < o/(m —k+1), then
hypotheses Hy),- -, Hy) are rejected, while hypotheses Hyy1), -+ , Hy) are retained.

Hochberg’s method is described as a step-up procedure because the p-values are visited
in increasing order of significance. Hochberg’s method is uniformly more powerful than

Holm’s. However, it assumes non-negative dependence among the p-values.

2.5 Hommel’s Method

Hommel’s method (8] is based on the closure principle: if H; is false, then every
intersection of hypotheses including H; is necessarily false. By way of example, consider
a collection of m = 3 hypotheses H = {Hy, Hy, H3}. The closure of H is:

g = {Hl,HQ,Hg,Hl N HQ, H1 N Hg,HQ M H3,H1 N H2 N H3}

Elementary hypothesis H; is rejected at level « if the 4 intersection hypotheses including

H, are each rejected at level a. These are:
{H,,Hi N Hy, Hy N H3, Hy N Hy N H3}.

Analogous criteria apply to both Hy and Hs. Hommel specifically proposed using Simes’
method [10]: to test the intersection hypothesis Hy N --- N Hy, order the corresponding
p-values pq) < - -+ < p), and reject the intersection N¥_, H; if there exists i € {1,--- , k}
such that pyy < a-i/k.

Hommel’s method is uniformly more powerful than Hochberg’s, and is valid under the

same conditions. Namely, non-negative dependence among the p-values.

2.6 Fallback Method

The fallback method [11] is useful when the hypotheses may be prospectively ordered.
For example, consider testing Hp;j and Hpp). Suppose ap = 0.01 is allocated to Hpy; and
ap = 0.04 is allocated to Hpy. If pp; < apy = 0.01, then Hp is rejected, and ppy is
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compared with ap) + apg = 0.05. If py; > 0.01, then Hp is not rejected, and ppy is
compared with g = 0.04.

If the hypotheses are correctly ordered, meaning in order of decreasing power to reject,
then the fallback method is more powerful than any procedure discussed so far, and
requires no assumptions beyond those of Bonferroni’s method. Any ordering of the
hypotheses and any allocation of the « is admissible. However, the hypothesis ordering

and « allocation must be specified a priori.

2.7 Gatekeeping Method

Like the fallback method, gatekeeping [3] is applicable when hypotheses exhibit a
hierarchical ordering. Suppose Hpy) is the primary hypothesis, and {Hja1), Hpg), Hpog)}
is a collection of three secondary hypotheses. In gatekeeping, pyy) is first compared
with a. If pp > «, then Hpy is retained, and the procedure stops; the secondary
hypotheses are never considered. However, if py < «, then Hypy) is rejected, and the
set {H, (21], Hao), H [23]} is tested at level a. The secondary hypotheses may be tested in
series, for example using gatekeeping, or in parallel, with appropriate adjustment for

m = 3 hypothesis tests.

Relative to fallback, an advantage of gatekeeping is that the full « is available for testing
the primary hypotheses. The procedure extends to multiple primary hypotheses, tested
in series or in parallel. When the primary hypotheses are tested in parallel, the o of
any rejected primary hypothesis becomes available for testing the secondary hypotheses.
The potential disadvantage of gatekeeping is that, if no primary hypotheses are rejected,
then no o remains for testing the secondary hypotheses. In contrast, the fallback method
reserves « for testing the secondary hypotheses, even if no primary hypotheses are re-
jected. Like the fallback method, gatekeeping requires no assumptions beyond those of
Bonferroni’s method, however the hypothesis ordering and « allocation must be specified

a Priori.
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False Discovery Rate Control

3.1 Definition

Definition 3.1. Suppose that, after examining m hypotheses, R < m have been rejected,

but V' < R were in fact null. The false discovery proportion is defined as:

V/R, R>0,
Q:
0, R=0.

Thus, @ is the proportion of hypothesis incorrectly rejected, if at least 1 hypothesis was
rejected, and is zero otherwise. The false discovery rate (FDR) is the expected value

of the false discovery proportion:
v
FDR = E(Q) = E (E‘R > 0) P(R > 0) (3.1)

In contrast, FWER is the probability that at least 1 hypothesis was incorrectly rejected:
FWER =P(V > 0). (3.2)

Since the false discovery proportion is bounded above by an indicator that some hy-
pothesis was incorrectly rejected @ < I(V > 0), the FDR < FWER. Consequently, any
procedure that controls the FWER automatically controls the FDR, but not conversely.

3.2 Benjamini-Hochberg

Benjamini-Hochberg (BH) [1] controls the FDR (3.1) rather than the FWER (3.2).
Like Hochberg’s method, BH is a step-up procedure in which the p-values are sorted in
ascending order, then examined in increasing order of significance. Like Simes’ method,
the threshold with which p is compared is o - k/m. However, in contrast to Simes’

method, BH does not assess the intersection hypothesis.

If pomy < «, Hyy is rejected and the procedure stops. Otherwise, H(,, is retained and
the next largest p-value p(,,—_1) is compared with a(m —1)/m. If pim—1) < a(m —1)/m,
then H,,_y) is rejected and the procedure stops. Else, H(,,_1) is retained, and p(,_o) is
compared with a(m — 2)/m. The procedure continues until one of the ordered p-values
falls below its threshold, or all null hypotheses have been retained. If the procedure
stops at pgy < - k/m, then the hypotheses H(yy, -+, Hy,y are rejected, and hypotheses

Hy1y, -+, Hypy are retained.
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Although often described as more powerful than methods that control the FWER, BH
is not truly comparable since it controls the FDR, which is a less stringent criterion.
BH assumes the p-values exhibit non-negative dependence. The Benjamini—Yekutieli [2]
(BY) procedure extends BH to allow for arbitrary dependence among the p-values. BY
proceeds as in BH, save p() is compared with o k/{m-~y(m)}, where y(m) = > 1/,
which is a tighter threshold. For additional discussion of the FDR, see [4]
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