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Introduction

Remark 1.1. This document considers stochastic order notation, limits of sets, different
modes of stochastic convergence: almost sure, in LP, in probability, and in distribution;
and uniform integrability. Throughout, assume that (X,) is a sequence of scalar or
vector-valued random variables with candidate limit X, and that the (X,,) and X are

defined on an underlying probability space (€2,.%,P). ¢

Order Notation

2.1 Definitions

Definition 2.1. Let «, and [, denote sequences of real numbers, then «,, = O(f,,) if
there exist a bound M € RT and a threshold v € N s.t. for n > v: |a,| < M|5,|. |

Definition 2.2. A sequence of random variables (X,,) is bounded in probability,
expressed X,, = O,(1), if for Ve > 0 there (M., v,) s.t. n > v, implies:

P(||X,]| > M.) <e.

If the sequence of random variables (X,) is bounded in probability, then the corresponding

sequence (F,,) of probability measures is described as uniformly tight. [ |

Definition 2.3. Let «, and f3,, denote sequences of real numbers, then a,, = o(/3,) if for
Ve > 0 there 3(v,) s.t. for n > v |ay,| < €|B,]. [ |

Definition 2.4. A sequence of random variables (X, ) converges in probability to

zero, expressed X,, = o,(1), if for Ve > 0:
lim P(]| X,|| > ¢€) = 0.
n—oo

Convergence of the sequence (X,,) in probability to zero requires that for Ve, > 0 there
exists v s.t. when n > v the probability P(||X,|| > €) < 0. [ |

Definition 2.5. Suppose (X,,) is a sequence of random variables, and that (a,) € R

is a sequence of positive constants.
L X, =op(a,) <= a,;'X, =o0,(1).

i, X, =0p(a,) <= ;' X, = Oy(1).
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2.2 Properties

Proposition 2.1. If X, converges in probability to zero, then X, is bounded in prob-
ability: X,, = 0,(1) = X, = O,(1). ¢

Proof. Fix € > 0, then by the definition of convergence in probability, for Vd > 0 there
Jvs € N s.t. when n > vy, P(|| X,]| > €) < 6. |

Proposition 2.2 (Sub-additivity). Suppose { X} is a finite collection of random vari-

ables, not necessarily independent nor identically distributed. Then:

P(ngi

, > e) < ZP(HXzH > ¢/n) (2.1)

¢
Proof. If || 37, X ‘2 > ¢, then at least one || X;|| > €/n, for suppose not, then:
n n n €
[DIECRED DI AES DESTS
i=1 i=1 i=1
which leads to a contradiction. Expressed in terms of events:
EQ:H X; >}C e Q: || X;]] > )
{w ; > g{w X > ¢/n}
By sub-additivity of the probability measure:
P >x,>¢) <P cQ:||IX|| > < SP(|IXi|| > ¢/n).
( Z ) ) < (U {wea: x| e/n}> < Z (1%l > ¢/n)
[ |
Proposition 2.3. If X,, = O,(1) and Y,, = O,(1), then:
i X, +Y,=0,(1).
i, X,Y, = 0,(1).
¢

Proof. i. Since X,, = O,(1) and Y,, = O,(1). Fix € > 0, there 3(Mx, vx) and I(My, vy )
s.t. when n > vx,P(||X,|| > Mx) < €/2 and when n > vy, P(||Y,|| > My) < €/2. Set
M = max(Mx, My), then:

P(|| X, + Y,|| > 2M) < P(||X,|| > M) + P(||[Ya]| > M) <e/2+¢/2 =
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1i.
P(||X,Y,l| > MxMy) < P(||X,]| > My U|[[Y,]| > My)
< P(HXnH > MX) +]P(||Yn|| > MY) <e€/24¢€/2=c¢.

|
Proposition 2.4. If X,, = 0,(1) and Y,, = O,(1), then:
i X, +Y,=0,(1).
i, X,Y, = o0,(1).
¢

Proof. i. Since X,, = 0,(1) = X,, = O,(1), (i.) follows from the last proposition.
ii. Fix € > 0. For V(M,§),

P(|| X, Yall > M) = P(||X,Yall > 6N |[Yal| > M) + P(|| X, Yol < 6N ||Yall < M)
<P(|[Yall > M) +P(||Xa]| > 6/M)

Since Y,, = O,(1), for any € > 0 there IM, s.t. when n > v, P(||Y,]| > M) < e
Moreover, since X,, = 0,(1), lim, o0 P(||X,|| > 0/M) = 0. Thus:

JLH;OIP(||XHY”|| > M,) < e+r}Lr§oP(||Xn|| > 6/M) =e.
Since € > 0 was arbitrary, conclude X,,Y;, = 0,(1). |
Theorem 2.1. Suppose X,, = 0,(cv,) and Y,, = 0,(5,), then:
i. X,+Y, = op{ max(a,, Bn)}
ii. XY, = o0,(a,5,).

iii. || X,]|" = op(a,) where r > 0.

Proof. i. If || X,, +Y,||/ max(a,, 8,) > €, then either:

Xl e Il _ e
an, 2 Bn 2

By subadditivity:

X, 1Y,
lim P{M > e} < lim P(a,;luxnu > g) +P(5;1|m|| > %) = 0.
n—oo

n—o0 max(ay,, 5,)
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ii. If || X, Y,||/(cnfBrn) > €, then either:

{O‘r_LlHXnH <1, ﬁ;IHYn“ > 6} U{QEIHXRH > 1, (O‘nﬁn)_lHXn}]nH > 6}'
By subadditivity:

XY,
lim P (M > e) < lim P (8, '|Yal| > €) + P (a,'|| X,]| > 1) = 0.
n—00 QB n—o0

iii.
. —r r 1 -1 1/r\ _
nh_r)glol[)’(an X0 >€)—7}£I;OP(an | X,|| > €/7) =0.

|
Proposition 2.5.
X, — X =0,(1) = || X, — X|| = 0,(1).
¢
Proof. Let Y,, = X,, — X, then by definition Y;, = 0,(1) if and only if for Ve > 0:
lim P(]|Y,]| > €) =0,
lim P(|| X, — X|| >¢€) =0.
n— o0
Now let Y,, = || X,, — X[, then Y,, = 0,(1) if and only if for Ve > 0:
,}LIEIOPOYM >¢€) =0,
lim P(|| X, — X|| >¢€) =0.
n—oo
Thus, the statements X,, — X = 0,(1) and ||X,, — X|| = 0,(1) are identical. |

Proposition 2.6. Suppose (X,,) and (Y;,) are sequences of random variables. If 1.
X,—Y,=0,(1)and 2. Y,, = Y = 0,(1), then X,, =Y = 0,(1). ¢

Proof. By the triangle inequality:
1 X = Y| < [[ X0 = Yall2 + [|¥n = Y| = 0p(1)
[ |

Proposition 2.7. Suppose (X,,) is a sequence of J dimension random variables, and

(a,) € R is a sequence of positive constants, then:

i X, =0,(1) < X,;=0,(1) for je{l,---,J}.

Created: Aug 2018 4



Edited: Nov 2019 Asymptotics Zachary McCaw

ii. X, =0,(1) <= X,; =0,(1) for j € {1,---,J}.

That is, a sequence of random variables converges in probability to zero, or is bounded
in probability, if and only if the components convergence in probability to zero, or are
bounded in probability. ¢

Proof. i. (= ):

E

| Xy — X;] < (Xnj — X5)3,

1

7}1_)I£10P(|an —Xj|>€) < nll_)Iglo]P)(HXn — X||>¢€) =0.

[
Il

J
lim P(|| X, — X || > ¢) < TL]i_)I{.IOZPﬂan — X;| > ¢/J) =0.

j=1

ii. (=) Since X,, = O,(1), for Ve > 0 there 3(M,, v,) s.t. when n > v.:
P(|| X, — X|| > M.) <e.

Since P(|X,; — X;| > M) <P(||X, — X|| > M.), conclude X,,; = O,(1).
For € > 0 there M., v, s.t. when n > v.:

k
P(| Xy — Xj| > M) <P | (Xoj— X2 > M. | =P (|| X, — X|| > M,) <.
j=1
(<= ) Fix e > 0. For each j € {1,---, J} there IM;,v; s.t. when n > v;:

P(1 X0 — X5 > M;) < 3

Set M = max; M; and v = max; v;. Now when n > v:

J
]P(HXn_XH ><]M) SZP(|an_Xj| >M) SJ

i=1

SR
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Limits of Sets

3.1 Definitions

Definition 3.1. Suppose (B,) is a decreasing sequence of measurable sets. The limit

lim,,_,o B,, is defined as their intersection:

fimn B = 1) B
w € lim,_,o B, if for Vn € N, w € B,,. [

Definition 3.2. Suppose (C,,) is an increasing sequence of measurable sets. The limit

lim,, o C}, is defined as their union:
lim C, = | C..
n=1

w € lim,,_,, C,, if there exists an n € Ns.t. w € C,,. [

Definition 3.3. Define the supremum of sequence of sets as:
sup A, = U Ap.
ey k>n

The limit supremum of a sequence (A,,) of sets is:

limsup A,, = ﬁ U Ap.

n—roo n=1k>n
Observe that B,, = sup,,, Ak is a decreasing sequence of sets, since each consecutive B,

is the union of fewer A,,. [ |

Definition 3.4. Define the infimum of a sequence of sets as:
fut An =[] 4e
- k>n

The limit infimum of a sequence (A,,) of sets is:

o0

lirgiann = U ﬂ A

n=1k>n
Observe that C,, = infy>,, Ay is an increasing sequence of sets, since each consecutive C,,

is the intersection of fewer A,,. [ |

Definition 3.5. The limit supremum and limit infimum of a sequence of sets (A,,) always

exist. If these two sets are equal, then the limit exists and is defined as:

lim A, = liminf A, = limsup A,,.
n—00 n—00 n—00
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3.2 Properties

Proposition 3.1. For any sequence of sets,

liminf A,, C limsup A,,.

n—00 n—o00

¢

Proof. Suppose w € liminf,,_,., A,, then there exists an n € N s.t. w € A, for Vk > n.
That is, w belongs to every A, far enough out in the sequence. Thus, for any n € N,
there exists k > n s.t. w € Aj. Conclude that w € limsup,,_, . A,. [

Remark 3.1. Since the limit infimum is always a subset of the limit supremum, to prove
the limit lim,,_,., A, exists, it suffices to prove that the limit supremum is a subset of

the limit infimum. ¢

Proposition 3.2. Suppose C,, — C'is an increasing sequence of measurable sets on the
probability space (Q2,.%,P), then:
P ( lim cn) = lim P(C,,).

n—oo n—oo

¢

Proof. Define the sequence of disjoint sets Dy = Cy, and D, = Cy — Cy_; for k > 2.
Clearly C,, = U}_, Dy. By finite additivity of the probability measure:

P(C,) =P (0 Dk) = zn:IP’(Dk).

Note too that since the C,, are increasing:

n=1 k=1

n=1k=1

By o-additivity of the probability measure P:

r (i ) = (U] = 3700 - i 3w - i mii)

[ |
Corollary 3.1. Suppose B,, — B is a decreasing sequence of measurable sets, then:
P ( lim Bn> = lim P(B,).
n—oo n—oo
[
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Proof. Since (B,,) is decreasing, the sequence of complements (B¢) is necessarily in-
creasing, thus:

i ( lim Bg) — lim P(B°),

n—oo n—oo

1P < lim B;) — 1 lim P(B).

n—o0 n—oo
The LHS is:
1—]P’<1im B;) —p <U ﬂB;) —p (ﬂ UBk> = P(lim B,).
e n=1k>n n=1k>n e
The RHS is:
1— lim P(B;) = lim {1 -P(B;)} = lim P(B,).
[
Corollary 3.2. Let (A4,) denote a sequence of sets, then:
lim P (sup Ak> =P <lim sup An)
n—00 k>n n—o00
lim P (inf Ak) =P (lim inf An>
n—00 k>n n—00
&

Proof. The conclusion follows because B,, = supy,, Ay is decreasing and C,, = infy>,, Ay

is increasing. |
Theorem 3.1 (Continuity). If (A4,) is a sequence of sets converging to A, then:
lim P(A,) = ]P(lim An> . (3.1)
n—oo n—oo
U

Proof. Since infy>, Ax C A, C sup;s,, A

P (jut ) <P <P (supt ).

k>n k>n

Taking the limit as n — oo:

lim P (inf Ak) < lim P(A4,) < lim P (sup Ak> ,

n—00 k>n n—00 n—00 k>n

P (lim inf An> < lim P(A,) <P <lim sup An) )

n—o0 n—o0 n—oo
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Since A,, — A:
lim A, = liminf A, = limsup A,,.
n—o0 n—oo n—oo

Conclude that:

P ( lim An> < lim P(A,) <P ( lim An) )

n—oo n—oo n—o0

Almost Sure Convergence

Definition 4.1. A sequence of random variables (X,,) converges almost surely to
X, expressed X,, — X, if:
P{w s lim X, (w) = X(w)} =1
n—oo

Equivalently, for Ve > 0:

P{w : limsup || X, — X|| > e} = 0.

n—oo
|
Remark 4.1. In the following, the notation:
{limsup 1 X, — X|| > (—:} :
n—r00
will implicitly refer to the set of w € Q where the condition {-} holds. ¢
4.1 Ciriteria
Proposition 4.1. If for Ve > O:
> P(I| X — X|| > €) < 0,
n=1
then X, > X. ¢

Proof.

P{limsupHXn - X|| > e} = lim ]P’{supHXk - X|| > e}
n—oo kzn

n—oo
:JE&P{Q || X —X||} < JLIEOkZIP’(HXk — X|| > e).
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Since the series Y o-  P(|| X, — X||> > €) converges,

JerolOZP(HXk ~ X||>¢€) =0.
k=n

|
Proposition 4.2. If 3(p > 0) such that:
> E[X, - X||P < oo,
n=1
then X, —» X. ¢
Proof.
P<limsup || X, — X|| > e < lim P(|| X, — X|| > ¢
{msup 1, = X > f < im 3 P(1% - X1/ o
1 o
— i _ Y Z—
< EpgggokX_jEHXn X|PP=o.
[ |

4.2 Relation to Expectation

Remark 4.2. The following theorems carry over from the analogous results for sequences
of real valued functions since if X,, > X, then lim,, ,,, X, (w) = X (w), except possibly

on a set of measure zero. ¢

Theorem 4.1 (Monotone Convergence). If (X)) is a non-negative, increasing se-
quence of scalar random variables with X,, — X, then:

lim E(X,) = E(X).

n—oo

4

Theorem 4.2 (Fatou’s). If (X,,) is a non-negative sequence of random variables, with
X, = X, then:

E(X)=E <lim inf Xn) < liminf E(X,,).

n—o0 n—oo

O

Theorem 4.3 (Dominated Convergence). If X,, > X and || X,,|| < Y with E(Y) <

00, then:

lim E(X,) = E(X).

n—oo
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4.3 Relation to Convergence in Probability

Proposition 4.3. Almost sure convergence implies convergence in probability:

X, %X = X, 5 X.

¢
Proof. Suppose X,, =% X, then for Ve > 0:
0= ]P’{limsup X, — X|| > e}
n—oo
= lim P{Sup||Xk - X|| > e}
n—o0 an
> lim P{|| X, — X|| > €}.
n—oo
|

L? Convergence

Definition 5.1. A sequence of random variables (X,) converges in LP, expressed
X, 25 X if:

JLHSO]E(HXH - X|PP) = 0.

[ |
Proposition 5.1 (Markov’s Inequality).
p(||x| > 1) < X1
¢
Proof. Let Y = || X]|,
P(Y >t) =E{I(Y > ¢)} =E{I(Y/t > 1)} <E(Y/t).
[
Corollary 5.1. For p > 0,
P11 > < X
)
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Proposition 5.2. If X, 2 X then:
lim E|| X, |P = lim E||X]|[?.
n—oo n—oo
¢

Proof. By Minkowski’s inequality in L?: (EHXTL—XHp)l/p < (E[| X.|P) e (E||X||p)1/p,
and (E||X||?)"" < (B|| X, — X|[)"* + (E[| X,|[7)"*. Thus:

|(B]|X,[7) " — (B X|]7)7| < (B||X, — X|I")"" = 0.

Since the map u s u” is continuous and X, — X implies E|| X, — X]||? — 0, conclude
lim,, o E|| X,||P = E[| X||P. ]

5.1 Relation to Convergence in Probability

Proposition 5.3. For p > 1, convergence in LP implies convergence in probability:

x, 4 x = x, 5 X,

Proof. For Ve > 0,

1
lim P(]| X, — X|| > ¢) < — lim E||X,, — X||" =0.
n—oo €P n—oo

Convergence in Probability

Definition 6.1. A sequence of random variables (X,,) converges in probability to
X, expressed X,, = X, if for Ve > 0:

T}E&P(Hxn — X||>¢€) =0.
|

Definition 6.2. A sequence of random variables (X,,) is Cauchy in probability if

Ve, 0 > 0 there exists v, 5 such that when n,m > v,s:

P(|| X, — Xon|| > €) <.
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6.1 Relation to Almost Sure Convergence

Proposition 6.1. If X,, 2+ X, then (X,) is Cauchy in probability. ¢

Proof. By sub-additivity (2.1):

P(1X0 — Xl > €) < P(1 X0 — X1 > ¢/2) + B(I1X — Xoul| > ¢/2).
Since X,, -2 X, there Jv, 5 such that when n > v, ;:
P(|| X, — X|| > €/2) <§/2
Now for n,m > v,s:
P(|| X, — Xl > €) <d/2+6/2=0.

[ |

Proposition 6.2. If (X,,) is Cauchy in probability, then (X,,) contains a subsequence
(X,) that converges almost surely. ¢

Proof. Let n; = 1, and define n; by:
= Tllrellg {n>n;_1 P(]| X, — Xnl] >277) <277 for V(n,m) >n}.

Thus, n; is the smallest n exceeding n;_; such that the probability of the distance

between X,, and X, exceeding € = 277 is less than § = 277. Now since:
> P(I X0, — Xl > 27) < o0,
j=1

by the Borel-Cantelli lemmas:

P {limsup ([| X,y — Xiny || > 2—1)} =0

j—o0
almost everywhere on €. Hence for w in a set of probability one:
() = [ Xy, () = X, (@)]] < 27

Now {ozj(w)} is a Cauchy sequence in R, and by completeness, o;(w) converges to some

limit a(w). Thus, lim;_,, X, (w) exists almost everywhere on (2. [

Proposition 6.3. If (X,,) is Cauchy in probability, then X, converges in probability to
some limit X. ¢
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Proof. Since (X,) is Cauchy in probability, there exists a subsequence (X,,) converging

almost surely to some limit X. Now:
P(|| X, — X|| > €) <P(|| X, — X, || > €/2) +P(|| X, — X|| > €/2).
Since (X,) is Cauchy, there exists v4 such that when n,n; > vy:
P(|| X, — X, || > €/2) < 6/2.
Since X, % X, which implies X, Ly X , there exists v, such that when n; > vy:
P(||X,, — X|| > ¢/2) < 6/2.
Let v = max(vq, 1), then for n,n; > v:
P(|| X, — X|| > €) <é.
[

Proposition 6.4. X, -~ X if and only if every subsequence (X, itself contains a

subsequence (X, ) converging almost surely to X. ¢

Proof. (= ) If X,, % X, then any subsequence (Xn,) converges in probability to
the same limit, and the subsequence (X,;) contains a further subsequence converging

almost surely.

( <= ) Suppose for contradiction that every subsequence contains an almost surely
converging subsequence, but that X, does not converge in probability. Since it is not
the case that X, = X, for § > 0 and € > 0 there exist infinitely many & such that:

P(|| Xy — X|| > €) > 6.

Let X, denote a subsequence along such &, then (X,;) can itself contain no subsequence
converging almost surely to X. |

Theorem 6.1 (Cauchy Criteria).
i. (X,) converges in probability if and only if (X,,) is Cauchy in probability.

ii. X, - X if and only if every subsequence (X,,) contains a further subsequence

(X,,) converging almost surely to X.
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6.2 Relation to Expectation

Theorem 6.2 (Dominated Convergence). If X,, — X and || X,|| <Y with E(Y) <

oo, then:

lim E(X,) = E(X).

4

Remark 6.1. The result is established by showing that every convergent subsequence of
E(X,) converges to the same limit. Suppose E(X,,) is a convergent subsequence. Since
X, 25 X, there exists a subsequence X, converging almost surely to X. By the
dominated convergence theorem for almost sure convergence, E(X,,) — E(X). Since
this holds for any subsequence, every convergent subsequence of E(X,,) approaches the
same limit. See Resnick (2014), corollary 6.3.2. ¢

6.3 Uniform Integrability

Definition 6.3. Let 7 denote an index set. The collection of random variables (X;) is

uniformly integrable if:
Jim_sup B{|| X1 > M)} = 0.

Remark 6.2. If (X}) is uniformly integrable, then for any € > 0, there exists M, such
that for m > M.:

sup E{ || X|[I(]| X:|| > m)} <e.
teT

Proposition 6.5. A random variable X has finite expectation E|| X|| < co <=
Jim E{[|X[K(|X]| > M)} = 0.
That is, an individual X has finite expectation if and only if it is uniformly integrable. ¢

Proof. (= ) Consider the sequence of functions:
gu (@) = (I X (@)L X ()| < M)
for M — oo. This sequence is non-negative and increasing in M, with:

i gy (@) = | X ()]
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By the monotone convergence theorem:

lim B{[IX|I1IX]| < M)} = B{IX]))}.
Since:

E{|IX(|0(||X[| > M)} = E[|X|| - E{||X|[I(|X|| < M)},
upon taking the limit as M — oo:
i E{|X|L(1X]| > M)} = E|IX]| - lm E{|X|1(1X]| < 1)} =0
( <= ) Suppose on the contrary that E||X|| = co. Since:
E{|| XL X|] < M)} < MP(|X]| < M) < M,
and:
E1X|| = E{IX[IL(IX|| < M)} + E{|IX[JL([X|| > M)},
if E||X|| = oo, then for any M:
E{IIX|I(|X]| > M)} = co.
Thus limp e E{|| X |[I(||X|| > M)} # 0. |
Proposition 6.6. If (X;) is uniformly integrable, if and only if:
1. sup;er El| Xy|| < o0,
ii. For Ve > 0 there 36 > 0 s.t.
P(A) <6 = supE{||Xy||Ia} <e.
teT

Importantly, sup,. E||X:|| < oo is necessary but not sufficient for a sequence (X;) to
achieve uniform integrability. ¢

Proof. ( = ) Suppose (X;) is uniformly integrable. Fix € > 0. Choose M, such that
sup;er E{|| X [|I(|| X:|| > M)} < e. Now for V¢:

E[1X|| = E{ I < Mo)} + E{|IX I X > Mo)} < Mc+e.

Thus sup,er E||X¢|| < co. Now select M, such that sup,e; E{||X;|[I(||X:]| > M)} <
€/2 and set d = €/(2M,). If P(A) < 9, then:
E{[1 X[ La} =E{|IX LA N IXl| < Mo)} +E{|X[I(A N[ X > M)}

€ €
<SMP(A) + B XX > M)} < Mg+ 5 =«
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( <= ) By condition (i.), there exists K such that sup,.E||X:|| < K. By condition
(ii.), for € > 0, there exists § > 0 s.t.

P(A) <6 = supE{||X;||Ia} <e.
teT

Observe that by Markov’s inequality:

B(IXD) _ K
M - M
Choose M such that K/M < 9, then P(||X;|| > M) < 6, which implies that:

P([| X5l > M) <

supE{HXtH]I(HXiH > M)} < €,
teT
as required. |
Proposition 6.7. If there exists 0 > 0 such that:
sup B X1 < o,
teT
then (X;) is uniformly integrable. ¢
Proof.
B{||1XL(| X > M)} = B{|IX[ - 1 I(]| X |/M > 1)}
[1X]°

<e{ix- 1w > v}

1
< WE{HXAP”} —0

as M — oo. |
Theorem 6.3. The following statements are equivalent:
. L
i X, — X,
ii. (X,) is uniformly integrable, and X,, =+ X.
O

Proof. ( <= ) Since X,, =+ X, there exists a subsequence (X, ) converging almost
surely to X. By Fatou’s lemma:

E{1X11} = E{ liminf || X, |[} < liminf B X,, | < sup B[ X, | < oc.
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where the last inequality follows from uniform integrability. Define the bounded, con-

tinuous function:

M, t<—M,
I/JM(t): t, tE (—M,M),
M t> M.

Consider:
El[ X5 — X[| < El[ X5 — thar(Xo)[| + El[Yon (Xn) — (X)) + El|on (X) — X||.
The first term is bounded as:
[ X0 — ¢ar(Xa)|| < E{[| X0 |[I(1| X[ > M)}
By uniform integrability, there exists M; such that for m > M;:

€
sup E{|| X, |[1(1 X, ]| > m)} < <.
neN

Since ¥(t) is a bounded, continuous function, and X, A x , by the portmanteau
theorem there exists v such that for n > v:

€

3

Finally, since E|| X || is bounded, there exists M, such that for m > My:

El[oar (Xn) = ar (X)) <

€
Ellyum(X) — X|| < E{|IXL(||X]] > M)} < 3
Take n > v and m > max(M;, M), then:
E|| X, — X|| <.

(=) Since X, AN X, the sequence of real numbers E|| X, || converges to E|| X || < oc.

Since convergent sequences in R are bounded:

supE|| X,|| < oo.
neN

Now since E||X,, — X|| — 0, there exists v, such that for n > v:
E|| X, — X|| < €/2.

Let K, = E|| X|| and Ky = max,, E||X,||. Set K = max(K;, K3). Choose d; such that
if P(A) < 6y, then:

E{||X|[La} < KP(A) <

DO ™
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Choose 95 such that if P(A) < 41, then:
max E{|| X, - X|[I4} < KP(4) <

NN e

Set § = min(dy, d2), then for P(A) < 4:

sup B{|| X,|[Ta} < sup B{|| X, — X||La} + E{|| X |[Ta} < §+§ <e
neN neN

The inequality holds for n < v by choice of §, and for n > v by convergence in L. W

6.4 Relation to Convergence in Distribution

Proposition 6.8. Convergence in probability implies convergence in distribution:

x, L x = x,-% X

¢

Proof. Suppose X,, — X and that ¢ is a continuity point of F, then:

P(X, <t)= IP’({Xn <t||X,— X[ <el} U{X, <t ||X,— X]|| > e1}>
<SP(X <t+el) +P([| X, — X|| > ¢).
Similarly:
P(X <t—el) <P(X, <t)+P(]| X, — X|| > ¢).
Thus:
P(X <t—el)—P(]| X, — X|| >€) <P(X, <t) <P(X <t+el) +P(|| X, — X|| >¢).
Taking the limit as n — oo:
P(X <t—el) < lim P(X, <1) < P(X <t+el).
Since ¢ is a continuity point of Fy as e — 0
P(X <t) < lim P(X, <t) <P(X <t).

|

Convergence in Distribution

Definition 7.1. A sequence of random variables (X,,) converges in distribution if the
sequence of distribution functions (F),) converges pointwise to the distribution function
Fx of X on the set C(Fx) of continuity points of Fly:

lim F,(t) = Fx(t) for t € C(Fx)

n—oo
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7.1 Relation to Convergence in Probability

Proposition 7.1. Convergence in distribution to a constant a implies convergence in

probability:

d
X, Sa = X,5a

¢

Proof. If X, BN «, then:

lim P(X, <t) =1t > ).
Now, probability that || X, — al| < € is:
P(| X, —al|<e) =Pla—el < X, <a+el) =F,(a+el)— F,(a—e€l).
Taking the limit as n — oo:
JLIQOP(HX” —al|<e)=I(la+el>a)-I(a—e >a)=1.

|

7.2 Characteristic Functions

Definition 7.2. The characteristic function ¢ : R — C of a random variable X with
distribution F' is defined by:

o(t) =E(e") = /eitxdF(ﬁ).

|
Theorem 7.1 (Uniqueness). The characteristic function ¢(t) of a random variable
uniquely determines its distribution. 0
Remark 7.1. See Resnick (2014), theorem 9.5.1. ¢

Theorem 7.2 (Levy Continuity). Suppose (X,,) is a sequence of random variables,
and ¢, (t) the corresponding sequence of characteristic functions. X, converges in

distribution to a random variable X with characteristic function ¢(¢) if and only if

du(t) = B(1):
X, %X — ¢, o

Moreover, if (¢,,) converges pointwise t0 ¢oo, and ¢, is continuous at zero, then ¢y, is

the characteristic function of some random variable X and X, N ¢ O

Remark 7.2. See Resnick (2014), theorem 9.5.2; van der Vaart (1998), theorem 2.13. ¢
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7.3 Additional Properties

Theorem 7.3 (Portmanteau). The following statements are equivalent:
i X, 5 X,
ii. E{g(X,)} — E{g(X)} for every bounded, continuous function g.
iii. E{L(X,)} — E{L(X)} for every bounded, Lipschitz function L.
U
Remark 7.3. For proof, see van der Vaart (1998), lemma 2.2. ¢

Theorem 7.4 (Skorokhod Representation). If X, 4 X , then there exists a
sequence of random variables (&,) defined on a common probability space such that
X, % & X £ € and &, 5 €. O

Remark 7.4. The proof is by construction. See Billingsley (1995), theorem 25.6. ¢

Theorem 7.5 (Dominated Convergence). If X, %y X and | X5 <Y withE(Y) <

oo, then:

lim E(X,) = E(X).

n—oo

t

Proof. By the Skorokhod representation theorem, there exist a sequence of random
variables (&,) and & such that &, < X, & 2 X, and &, = €. By the dominated
convergence theorem for almost sure convergence, E(§,,) — E(§). Thus:

lim E(X,) = lim E(£,) = E(¢) = E(X).

n—o0 n—oo
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Summary of Convergence Relations
e Convergence almost surely implies convergence in probability:

X, %X = X, 5 X.

Convergence almost surely may be established by checking:

— The series >~ P(||X,, — X|| > ¢) is finite for Ve > 0.
— The series >~ E||X,, — X|[|? is finite for some p > 0.

Convergence in LP implies convergence in probability:

x, 4 x = x, 5 X,

Convergence in probability and uniform integrability implies convergence in L*.

Convergence in probability implies convergence in distribution:

x, Hx = X, % X

Convergence in distribution to a constant a implies convergence in probability to

that constant:

d
X, Sa— X, 5 a.

(Dominated convergence) Suppose X,, — X almost surely, in probability, or in
distribution. If || X,|| <Y and E(Y) < oo, then:

lim E(X,) = E(X).

n—oo

Created: Aug 2018 22



	Introduction
	Order Notation
	Definitions
	Properties

	Limits of Sets
	Definitions
	Properties

	Almost Sure Convergence
	Criteria
	Relation to Expectation
	Relation to Convergence in Probability

	Lp Convergence
	Relation to Convergence in Probability

	Convergence in Probability
	Relation to Almost Sure Convergence
	Relation to Expectation
	Uniform Integrability
	Relation to Convergence in Distribution

	Convergence in Distribution
	Relation to Convergence in Probability
	Characteristic Functions
	Additional Properties

	Summary of Convergence Relations

