Linear Mixed Models

Introduction

1.1 Setting

Suppose that N total observations are grouped into K clusters. Let y;; denote the ¢th
outcome in the kth cluster. Group the N, outcomes in the kth cluster to form the
response vector yp = (Y1, -+, Yin,). Associate with Yy, a J x 1 vector xy; of fived
effect covariates, and an L x 1 vector zy; of random effect covariates. Structure the
covariates into design matrices X and Zj. Observations Yj,; and Yj,; belonging to
distinct clusters are independent. However, observations Yj;, and Yj;, within a given

cluster are potentially dependent.

1.2 Model
Definition 1.1. A linear mixed effect model for y, takes the form:

Yr = XiB + Zivk + €,

Here 3 is fized effect in the sense that its value is constant across clusters. -, is a random
effect whose value varies across clusters according to a distribution with mean zero and
covariance G. € is a residual whose distribution has mean zero and cluster-specific

covariance Ry,. [ |

Remark 1.1. In contrast to a generalized linear mixed model, an LMM allows for

residual covariance between observations Yj; and Yj;:

Cov (Yai, Yis| Xy Zi, i) = Ry
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1.3 Notation

The components of an LMM are summarized here:

Structures Dimension Description
G Jx1 Fixed effect
Vi Lx1 Cluster-specific random effect
€L N, x1 Residual
« M x1 Covariance parameters
G(a) LxL Random effect covariance
R () N, x N, Residual covariance

Let N = Zle N.. Define the following data structures:

Structure Dimension
y =vec(yr,  ,Yr) N x1
X =rbind(Xy, -, Xk) N x J
Z =diag(Z,,--- ,Zxk) N x KL
G=1Ixk ®G(a) KL x KL

R =diag{Ri(a),--- ,Rg(a)} N xN

In compact notation, the LMM is expressible as:

y=XB+Zv +e, (1.1)
v~ (0,G) Le~(0,R).

Here ~ is the KL x 1 vector vec(71,- -+ ,vk) and € is the N x 1 vector vec(€y, - , €f).

1.4 Likelihood

Proposition 1.1. Let Dy denote the collection covariates relevant to y. For any LMM,

the likelihood is expressible as:

K
L) = ][ [ Sl Dei Bl (),
k=1
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Proof. Factoring the likelihood across clusters:

K

L(B,a) = f(y|D; B, @) = [ [ /(wiIDx; B, @)

k=1

Introducing the random effect:

K K
L(B,a) = H/f(yk7’7k|pk§ﬁa a)dy, = H/f(yk:|Dk;'Yk:§Baa)f<')’k|a)d')’k-
k=1 k=1

Marginal Model Approach

Assumption 2.1. Hereafter, independent normal distributions are assumed for the ran-

dom effects and residuals:

y=XB+ Zv +e (2.1)
v~ N(0,G) Le~N(0,R).

|

Proposition 2.1. The induced marginal model for y from (1.1) is:
y|(X,Z) ~N(XB.%), (2.2)
where X =V(y|D) =R+ ZGZ'. ¢

Proof. Since «v and € are normally distributed, the distribution of y integrated w.r.t. ~

is again normal. By iterated expectation, the mean is:
E(y/D) = E{E(y|y,D)|D} = E{XB + Zv} = XB.
By law of total variance, the covariance of y is:

¥ = V(y|D) = E{V(ylv,D)|D} + V{E(y|v,D)|D} = R + ZGZ'.

[

Corollary 2.1. The log likelihood of the induced marginal model is:
0B, a) —% In det(X) — %(y - Xp)="(y - XB). (2.3)
s
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2.1 Estimation of
Result 2.1 (Score for 3). The score equation for 3 is:

ol

UQZ%:

X' (y - XB).

Solving the score equation Up 0 gives the generalized least squares (GLS) estimator:

Blo) = (X' X)' X'y =T, X'S'y. (2.4)
]
Result 2.2 (Information for 3). The Hessian of the log likelihood w.r.t. 3 is:
Hpp = o - X'y2tX
pop
The expected information for 3 is:
Ty = X'S71X. (2.5)

2.2 Estimation of «

2.2.1 Profile Likelihood

Remark 2.1. Since the estimator for 3 is available in closed form, we proceed by forming

the profile log likelihood for «, and differentiating to obtain the efficient score. ¢
Definition 2.1. Define the error projection Q as:
Q="' ' XX 'X)'x'2"
[

Result 2.3 (Error Projection Properties). The error projection has the following

properties:

~

L Qy=%X""(y—-Xp).

i. QEQ = Q.
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Proof. (i.) Expanding the GLS estimator in the residual y — X3 gives:
y-XB=(I-X(X'E'X)'X'S)y = =Qy.
To establish the second point, expand the right-hand side of QX Q:
QXQ=Q - QX X'y 'x)'xx

The conclusion holds if the second term vanishes. Expanding the second term using the

definition of the error projection gives:
QXX 'X) ' Xy !'=2' XXz 'X)'xx!
- XX’ X)X X (X'EIX) I X = 0.
[

Remark 2.2. The following is an identity for differentiation of the error projection Q

w.r.t. a variance component a,.

20 _

Oay,

2

Q Oay,

Q.

Proposition 2.2. The profile log likelihood for « is:

lp(er) o —% Indet(X) — %y'Qy. (2.6)

Proof. The marginal log likelihood for y is:
1 1 _
UB, ) oc =5 Indet(2) — S (y — Xp)s"y - XP).
Substituting the GLS estimator (2.4) for 8 into the marginal log likelihood:
1 1 N .
ly(@) x =5 Indet(R) — 5(y - XB)'T " (y — X ).
Expressing profile log likelihood in terms of the error projection:
1 1. . B .
f(a) o =5 Indet(8) — {S7(y — XB)}S{Z ' (y - XB)}
1 1
=3 Indet(X) — §y’QEQy

1 1
=-3 Indet(X) — §y'Qy.
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2.2.2 Restricted Likelihood

Definition 2.2. A restricted likelihood is formed by applying a Jeffreys prior to the
fixed effects:

m(B) o< det(Zgg) "2,
The restricted log likelihood for a is:
(o) =l (a) +In7(B) = {,(ax) — %ln det(Zsg )
x —% Indet(X) — %y’Qy — %ln det(X'Z71X). (2.7)
[

Remark 2.3. Maximum likelihood estimates (MLEs) of the variance components a are
downward biased, whereas the restricted MLEs (ReMLs) are unbiased. ¢

Remark 2.4. The following are identities for differentiation of a matrix ¥(a) w.r.t. a
variance component o,
e Derivative of inverse:
0 0x

— =yl =t
Oay, Oay,

e Derivative of log determinant:

ailndet(E) =tr (2_18_2) :

ay Oay,
¢
Result 2.4 (Restricted Score for o). The restricted score for o, is:
ol 1 () 1 X
=_—=——t — -y’ Q—Qy. 2.
t, = o=y (@ ) + vy, Qw 28)
&
Proof. The derivative of the restricted log likelihood (2.7) w.r.t. «, is:
ol 1 () 1 ()
1 P -y Q—
Oay, 2" ( aap) * 2Y Qaapr
1 pX
+ —tr (X’E—lx)—lx’z—la—z—lx :
2 Oay,
Combining the trace terms gives:
ol 1 () 1 ()
=t > oyIX(X'eTIX)TIX's T -y’ Q—Quy.
Oay, 2" ({ ( ) }&xp) oY Q(?apr
[
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Proposition 2.3. Qy is distributed as:
Qy/D ~ N(0,Q).
¢

Proof. Since y|D ~ N(X 3, ¥) is normally distributed, the linear function Qy is again
normally distributed with mean:

E(QyD)=QXpB={2"'-2'X(X'2'X)'X'2"'} X3
=2"'XB-X'XpB=0,

and variance:

V(Qy|X) =QV(y|X)Q =Q3Q = Q.

]
Proposition 2.4. Suppose E(y) = p and V(y) = 3. The expectation of the quadratic
form y’ Ay is:
E(y' Ay) = tr(ZA) + u'Ap.
¢
Proof.
E(y' Ay) = E{tr(y'Ay)} = E{tr(yy'A)} = tr{E(yy) A}
=tr{(Z+ pp)A} = tr(ZA) + tr(pp' A) = tr(TA) + ' Ap.
|
Result 2.5 (Restricted Information for a). The restricted information between a,
and o is:
1 0¥ 0%
T o = 2.9
v (QaapQﬁocq) (2:9)
&
Proof. Differentiating the restricted score (2.8) to obtain the Hessian:
0%,
Hoz ag =
PR day0ay
1 0¥ 0% 1 0?%
— tr
(Q @ p) 2 (Qaaqaap)
1 Y 0% 1 0?% 1 0¥ 0%
RELAT Q Q +59'Q Qy — 5y Q75— Q Q
2Y 2Y %94 0,
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Taking the expectation:

B (oo 1 X) —gr (@@ ) — (@02 )

2 Doy Oag0ay,
1 0 0% 1 0P*x 1 0 0%
—o(@fmem) v () - (99
Combining like terms gives the result. |

Definition 2.3. Suppose the covariance matrix 3 is linear in the parameters a s.t.

2
o0°x _o
Oay,0ay
In this setting, the observed information is:
1 0% 0% 0% 0%
apag = — =1 a Wi 'Q—Q— .
Toyeq 2 r(Q(?anﬁap) +yQ8apQ8any
The average information is defined as:
1 1 0% 0%
apaq = 5 (ZLapa ) = 39 Q-—Q-—Qy. 2.10

Remark 2.5. The Newton-Raphson iteration for estimation of the variance components

Is:

where a") is the current parameter estimate, A is the average information for a from
(2.10), and U, is the restricted score for a from (2.8). ¢

Conditional Model Approach

3.1 Mixed Model Equations

Remark 3.1. In the marginal model approach, v was treated as unobserved data and
integrated away. In the conditional model approach, ~ is treated as a parameter that

requires estimation. ¢

Proposition 3.1. The conditional model log likelihood is:

le(B,a,v) =In f(y|D;B,c,vy) +1In f(v; @)

1 , 1,
x —5(y=XB-Z7)R " (y—XB—2Z7) -7 v,
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Result 3.1 (Mixed Model Equations). For fixed e, the best linear unbiased estimator
B of B, and the best linear unbiased predictor 4 of ~ satisfy:

X'R1X X'R1Z (5) B (X'R—1y> (3.1)
ZR X ZR'Z+g! ~) \Z'R ') '
&

Proof. The score equations for 8 and = are:

Set

Us=XR '(y—XB—Zv) =0,

U,=ZR (y—XB—2Zv)+G 'y Zo.
Re-arranging:

X'R'XB+X'R 'Zy=XR 'y,

ZRIXB+(ZRZ+G H)y=2Z'R .

In matrix format:
( XR'X X'R'Z ) (5) B (X'R1y>
ZR1'X Z'R'Z+G' ) \v ZR'y)

Define V and W as:

V= (X,2) W:(O 0).
0 ¢

Now the normal equations are expressible as:

B

(VR'WV + W™ (7

) = V'R y.
Hence, the best linear estimates of 3, are given by:

[? =(VR'WWV+W H'VRy.
gl

3.2 Random Effect Prediction

Result 3.2 (Empirical Bayes Estimation). The best linear unbiased prediction of

is given by:

¥ =E(y|y,D) =62’ (y - XB) =GZ'Qy. (3.2)
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Proof. From model (2.1), v and € are jointly distributed as:

O)~()1(5 )

The joint distribution of y and = is a linear transformation of vec(v, €):

(0)=Ca) (7))
v/ \ 0 I 0)\e/
Thus vec(y,-y) is normally distributed with mean vec(X 3, 0) and variance:
v (y) [z I G 0 zZ' 1
v) \ I 0 0 R I 0
[ ZGZ'+R ZG \ _ ¥ Zg
N gz G ) \g¢z G )
The conditional distribution of v given vy is again normal with expectation and variance:

E(v|y,D) = GZ'S7 (y — XB), V(y|ly, D) =G — GZ'S'ZG.

From the Gauss-Markov theorem, the best linear unbiased estimator of 3 is the gener-

alized least squares estimator:
Bla) = (X'TIX)I X2y,
Substituting B(a) into E(vy|y) gives:
7=62'S"'(y - XB)=GZ'Qy.
[ |

Corollary 3.1. The EB prediction 7 is a weighted average between the GLS estimator
4 of «v and zero:

¥=(G "+ ZR'Z){(ZR'Z)¥+ G '0}.
That is, 7 is a shrinkage estimator. &

Proof. From the induced marginal model (2.2), ¥ = R+ ZGZ’'. Multiplying by Z'R~*
on the left and rearranging gives:
ZR'S=ZRR+2ZGZ)=Z +ZR'ZGZ = (G '+ Z'R'Z)GZ,
(G '+ZR1'Z)'ZR =6z’
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Suppose v were treated as a fixed effect and estimated from the model:
y=XB+ Z~ +e¢,
where € ~ N (0, R). The BLUE of ~ is:
¥=(2ZR7'Z)"ZR\(y - XP).
From (3.2), the EB estimator of ~ is:
Y=62's(y - XB).
Using the equivalence GZ'S7! = (G + Z'R™1Z)"'Z'R™!, the EB estimator of ~ is

expressible as:
Y=(G'+2Z'R'2)"'Z'R My - XB)
= (G '+ Z’RilZ)*l{(Z’RAZ)'? + Q”O}.

Corollary 3.2. The empirical Bayes prediction of y is:
§=2GZ'>'y+ (I - 2ZGZ'S")Xp.

The EB prediction g is interpretable as a weighted average of the observations y and

the fitted values XB s
Proof. The first term is expressible as:
XB(a) =X X' X)) XSy = E{E_lX(X’E_lX)_lX’E_l}y.
The second term is expressible as:
Zy=27GZ'Qy=2GZ'{I - ' X(X'S'X)'X'S '}y

Combining like terms gives the result. |

EM Algorithm

Proof. Regarding « as missing data, the complete data log likelihood is:

1 1 1 1
(B, a) o = 5 Indet(R) — 5 Indet(G) — 5(y = XB - Z7)R Ny - XB—2Zv) - 575 v
1 1 1
=— glndet(R) b Indet(G) — é(y ~ X8R 'y - XB)
1 1 1
— 3V Z R Zy+2- 54 ZR Ny - XB) = 576y

=— %ln det(R) — %lndet(g) — %(y - XB)R 'y - XB)

/ / — ]-/ — / —
+YZR Ny - XB) =576+ Z R Z)y.
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From the derivation of the EB estimator for ~, the conditional distribution of « given

the observed data is normal with mean and covariance:
E(v|y, D) =GZ'S ' (y — XB), V(vly,D) =G - GZ'S7"'ZG.

The EM objective function is defined as the expectation of the complete data log likeli-

hood given the observed data and the current parameter state:
Q(016") = E{((8, )|y, D,6"}.
Define the following working expectations:

A = E(v|y, D, g(r)) - g(?‘)Z/E(r)ﬁl@ _ X,@(r)),
V) = V(vly,D,0")) = g — g z'x0—1 zg")

Let A=G '+ Z'R'Z. Using the working expectations:
E(YZR™yly. D) = (¥")ZR"y,
E(yAvly, D) = tr{V A} + (37) A(¥D).
The EM objective function is now expressible as:
Q(0]6")) = — %m det(R) — %m det(G) — %(y ~ XB)R 'y — XB)
+EOYZR My — (VO A} - S50 AGD).

Consider a conditional maximization approach. Recall that the MLE of 3 is available
in closed form. Let B0*1) <« B(a(r)) denote the GLS estimate of 3 given the current
variance components o). Score equations for the variance components are obtained by

differentiating the EM objective function:

1 OR 1 oG OR
(r+1) 0(7’) -t -1V ) Ztr 1 - _ (r+1)yyp—-12"%
Uy, (| , ) 5 T (R aap) 5 (g ap) + 2( XA )R da,
LOR 1 -~ vOA 1 0A
g1 pa, Loy da (r) (r)

- (Y)Y ZR 8%73 Y3 r<V a%) 14 )aap('y ),
where:

0A 106 1 OR 4

= — —7Z — Z.
8ap g 8apg R 804,,R

The score equations for the variance components are solved numerically to obtain a1,

The algorithm iterates between updating 3" and updating o until the improvement
(B D)) — (8™ ) in the marginal log likelihood (2.3) falls below the toler-

ance. [ |
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Inference

5.1 Fixed Effects

Remark 5.1. Throughout, consider the marginalized LMM:
y=XB+e,

where € ~ N(O, 2). Partition the regression parameter 3 = (84, 35). Suppose that
Hy : Ba = 37 is of interest. Let X = (X4, Xp) denote the corresponding partition of
the fixed effect design matrix. ¢

Definition 5.1. From (2.5), the information for 3 is Zge = X'S7' X . Partition the

information as:
T [ Loasy Loasy,
PN Tae T '
BBBy BBB%5

The efficient information for 3, is:

Lsapyion = Lap, — LoasyLioys Loss,-

Proposition 5.1. The Wald test of Hy : B4 = B is:

TW = (BA — IB.Z)/IﬂAﬁMBB (/8 ﬂA) Xdlm (BL):

¢

Proposition 5.2. Let 35 denote a consistent estimate of 85 under Hy : B4 = 3%, such

as a solution to the score equation:
* Set
Us,(Ba = B4,88) =0
Let Uy, denote Us, (B4 = B, B85 = Bs). The score test of Hy : Ba = 37 is:

_ 77 — : 2
Ts = uﬂAzﬁAﬁ' 1B uﬁA ™~ Xdim(8%)
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5.2 Variance Components

Example 5.1 (Kernel Regression). Consider the kernel regression model:
yi = B+ f(zi) + €,

where €; ~ N (0, 02), and f(-) is an unknown function belonging to a reproducing kernel
Hilbert space H, with reproducing kernel k(+, -). This model is isomorphic to the following

random intercept model:

y=XB++e,
¥~ N(0,7K) L e~ N(0,0°I),
where K;; = k(z;, z;). Consider evaluating Hy : f(z;) = 0, or equivalently Hy : 72 = 0.

The covariance of the induced marginal model is:
=0T +7K.
Identify av = (02, 72). The restricted log likelihood is:

1 1 1
l(ax) ox ) Indet(X) — 5 Indet(X'E71X) — §y’Qy.

The score equation for 72 is:
ol 1 1
2 2y _ 9%
U (0% 7%) = 55 = —atr(QK) + 5y’QKQy.

Under Hy : 72 = 0, the error projection reduces to:

Q=0{I-X(X'X)"'X'} =0?Py.
The score at 72 = 0 is:
1 1
Up(o? 72 =0) = —Wtr(P;K) + ﬁy’P;KP;y.

Since the trace term does not depend on y, consider the test statistic:
Tx =y Py K Pyy.

Let LL’ denote the Cholesky decomposition of the kernel matrix K. Under Hy : 72 = 0,

Pty ~ N(0,0?Py). Thus Tk follows a mixture of central x? distributions:

i=1
where ();) are eigenvalues of the matrix:

E = L'V(Pyy)L = o>L' P¥ L.
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