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Notation and Assumptions

Suppose D = {z;}1., are independent and identically distributed observations. Consider
a model for D parameterized by 6. Let ¢(0) denote the log likelihood:

- Zei(e) = Zﬁ(e; z;).

Denote the true value of 8 by 6,. The score for 0 is:

. ol (e
to(60) = 8<0 ‘9_00
The Hessian for @ is:
0%0(0
bor (80) = ae(ge? o=60

Partition € = (8, a), where 3 is the target parameter, and « is a nuisance parameter.
The null hypothesis will take the form Hy : B8 = By. Let 8 = (3,&) denote the
unrestricted MLE of 8, which satisfies:

éﬁ(Bvd):Oa éa(/éad)zo
Let 6 = (Bo, &) denote the restricted MLE of 8, which satisfies:
éo& (/60, CN“) =

Assume sufficient regularity that, under Hy, the restricted and unrestricted MLEs are
each /n-consistent:

0 =0, +0,(n"?), 6 =6, + O, (n?).

The score equation converges in distribution as:
n204(8y) = \/—Zém 8,) = N{0,B(6)},

where B is the expected outer product of the score:
BO = B(00> = Ez{€97i(00) X €971(00)}

The negative Hessian converges in probability as:

—n 599/ 90 = —— Zggg/ ; 90 00) + Op(l),
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where A is the expected information matrix:
Ay = A(0y) =Ez{ — loo:(60)}.
Moreover, suppose sufficient regularity that:
—n " g (0) = A(B9) + 0,(1), —n" e (0) = A(89) + 0,(1).
Let 2y denote the covariance matrix:
Qo = Q(6) = A(6y) ' B(60)A(6,) .
Within the exponential family Ay = By such that:
Q= Ag',

which is the inverse expected information.
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Wald Test

Proposition 2.1. Under Hy : 8 = 6, the Wald statistic converges as:

n(6 — 6)%" (6 — 6)) = 2,
where r = dim(6y). ¢
Proof. Taylor expansion of the score for @ about the truth:

0 = (4(8) = ((8y) + L4 (60)(6 — 6o) + O,(116 — 6o[)
Solving for (6 — 6,):
(6= 00) = { ~ Law(B0)} " (5(60) + Op(n ™).

Scaling by /n:

V(0 —6y) = { — n’lgggf(00)}_1n’1/2€9(00) + 0,(n"1?)
= Ay'n29(6)) + 0 (1)
£5 N(0,A;'BoA;T).

[
Corollary 2.1. The Wald test of Hy : B8 = (3 is:
(8 = B) 2 (B = Bo) = ;.
where p = dim(8y) and € gg is the sub-matrix of €y corresponding to 3. s

Remark 2.1. Within the exponential family €2, ;;5, is the efficient information for 3:

Q_l

—1
0.5 = App — Apar Ag Aap-

fe7e%
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Score Test
Proposition 3.1. Under Hy : 8 = 6, the score statistic converges as:
1, -1 L 2
—lo(60) By lo(80) — X,
where r = dim(6y). ¢
Proposition 3.2. The score test of Hy : B = 3y is:
1. B . B r
EE,B(,BO, a),{COBOC(I)} 1€ﬁ(/60a a) — X;a
where p = dim(3y) and

Co=(I.-AswAZL).

¢
Proof. Taylor expand the scores for 3 and a about the constrained MLE:
(5(Bo, &) = €3(Bo, o) + Lpar (Bo, o) (& — cxg) + Op(n),
0= La(Bo, &) = La(Bo, ) + Laa (Bo, o) (& — ) + Op(n™").
Substituting the second expansion into the first:
(5(Bo, @) = £5(Bo, @) — s (Bo, x0) { e (Bo, 00} (B, exo)
= <I, _Eﬁa’ (Bo, ao){fw/ (Bo, Oéo)}71> (ZE?Z: ZZD
= <I, _n—1gﬂa,{n—1gaa, (Bo, aO)}_1>é9<1307 Q)
= (I, —Apar AL lo(Bo, axo) + 0p(1).
Let Cy = (I, —Aﬁa/A;OIC,), then:
%éﬁ(ﬁo, a)=Cp- %ée(ﬂo, ) +0,(1) £ N(0,CyByCy).
The asymptotic covariance is:
CoByCjy = Bsy — Bpw Ay Ay — Aswr Ay Bay + Apar Ay Boa Ay Al
[
Corollary 3.1. Within the exponential family:
CoB\Cj = Apy — Apw AL Aup = (Ag 1)5}
which is the efficient information for 3. s
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Likelihood Ratio Test

Remark 4.1. This section assumes A, is symmetric and positive definite. ¢

Proposition 4.1. Under the Hj : 8 = 0, the likelihood ratio statistic converges as:

2{0(6) = ((80)} >~ Ak,

j=1

where (Ay, -+, \.) are the eigenvalues of A51/2BOA81/2 and r = dim(6). ¢

Proof. Taylor expand the log likelihood at the truth about the unconstrained MLE:
(8o) = £(0) + (4(0)(6, — 6) + %(00 —0)l9y(0)(80 — 0) + O, (n~/?).

Since f4(6) = 0, upon rearranging:

200(0) — £(80)} = (6 — 6)'{ — L9y (8)}(6 — 6y) + O, (n%?)
= n(é — 0())/{ — nilgggl(é)}(é - 00) + (’)p(nfg/Z)
= (0 —89)" Ay(6 — ;) + 0,(1).

Recall from the Wald statistic that:
V(6 - 8,) =5+ N(0,A;' ByA;T).
Consequently, the quadratic form
2{0(6) — 0(8y)} =n(0 — 6;) Ay (6 — 6y) + 0,(1)
= {ﬁ(é - 90)}/140{\/5@ - 90)} - w' Agw
where w ~ N (0, Ay'ByAg"'). Let LL’ denote the Cholesky decomposition of Ay, then:

wAw =w Ll w < Z X3,

j=1
where (A1, - -, \,) are the eigenvalues of L' A;'ByA,'L. [ |
Corollary 4.1. Within the exponential family:

A PByAY = AP AA Y = T
Consequently, \; = 1 for each j, and:

2{0(6) — £(6)} = X2

T
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Proposition 4.2. The likelihood ratio test Hy : 3 = 3 is:

2{0(6) — ()} 5> >Nt

where (A1, ---,\,) are the eigenvalues of:
L1y 1/2 L1\ 1/2
(A[) 1)[3/3/003006 (AO 1),3,8”
Co= (I,-AsnA,,,), and p = dim(By). ¢

Proof. Taylor expand the log likelihood at the constrained MLE about the uncon-
strained MLE:

~ . ~ ~

0(0) = 1(0) + (4(6)(6 — 6) +

(0 —0)'l40(8)(6 — ) + O, (n ).

N

Since Eg(é) = 0, upon rearranging:

A

200(0) — ((6)} = (6 = 0)'{ — Lo (6)}(0 — 6) + Op(n /%)
(0—6){ 1" (0)}(6 —8) +0,(n3?)
=n(0—8)' Ay(6 - 0) +0,(1).

Taylor expand the score at the constrained MLE to obtain:
09(0) = (9(0) + gy (0)(6 — 0) + O, (n7).

Since f4(0) = 0, upon rearranging:

Recall from the score statistic that:
1 . -
%65(60, OC) i> N(O, C()B()C(/]) .

Thus:

~

V(0 6) £ A (N(O, COBOC()))

0
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The limiting distribution of the quadratic form is:
2{0(6) — £(6)} =n(8 —6)LL (6 - 6) +0,(1),
= {Vn(0 - 0)} Ag{v/n(6 — 0)} +0,(1)
! . [ W / _
£ (w0.0) a5 0y () = (A7)

where w ~ N(0,CyByC{) and (Ag 1) 8 is the p x p sub-matrix of A;"' corresponding
to B. Let LL’ denote the Cholesky decomposition of (Ag 1) 55 Then:

p
d
w=wLLw= Z)\jxf,

J=1

'(Ag") 5o

where (A, -+, \,) are the eigenvalues of L'CyByC{ L.

[
Corollary 4.2. Within the exponential family CyB,C{, = (A, 1)5&,, such that:
(Ag") 5 (As )b (A5 = I
Consequently, A\; = 1 for each j, and:
2{0(6) — £(8)} 55 2.
&
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