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Exponential Dispersion Family

Definition 1.1. An exponential dispersion density takes the form:
yifi — b(0;
f(yilbs, §) = exp {% + c(yi, ¢)} )

where 0; is the canonical parameter, ¢ is the dispersion parameter, b(-) is the cumulant

function, and c(y;, ¢) is the remaining term in y; and ¢. [ |
Proposition 1.1 (Exponential Dispersion Properties).

e The log likelihood contribution of y; is:
_ yibi — b(8;)

00;,0) = + c(yi, ¢).
¢
e The score contribution of y;:
oty — b0
(6, 0) = 55t = yqu().
e The information contribution of y;:
) .
e The mean E(y;) of an exponential dispersion model is the first derivative of the
cumulant function:
Hi = 5(91)
e The variance of an exponential dispersion model is a function of the mean:

V(yi) = ¢b(0:) = ¢bo b~ (1) = dw ().

Here v(p;) = bo b~(y1;) is the variance function.
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Generalized Linear Models

Definition 2.1. In a generalized linear model (GLM), a regression function is spec-

ified for the conditional mean:

E(yz|wz) = pi = h(n;).

Here p; is the conditional mean, n; = x.3 is the linear predictor, and h is the activation
function. The link function g is the inverse of the activation function. The link function

applied to the conditional mean returns the linear predictor:
9(i) = n; = B
The conditional mean model implies a model for the canonical parameter:

6; =" (1) = (bo h)(my).

2.1 Miscellaneous Relations

Proposition 2.1. The derivative of the activation function is the reciprocal of the

derivative of the link function:

. 1
h(m) B g(ﬂz‘)
¢
Proof.
0 0 . - . 1
1= o= a0 9° h(ni) = g{h(n) }h(n;) = h(n;) = PO
u

Definition 2.2. The canonical parameter is related to the linear predictor via:
0; = b~' o h(n;).

If the link function g is selected to coincide with the inverse of the derivative of the

cumulant function g = b~!, such that h = b, then:
(91- = b_l ¢) b(?]z) = "1;-

This choice of g is referred to as the canonical link. Under the canonical link, the

canonical parameter is exactly the linear predictor. [ |
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Proposition 2.2. Under the canonical link g = bt
V(i) g(pi) = 1.

¢

Proof. Recall that b(6;) = y; and b(6;) = v(u;). Under the canonical link 2 = b and
0; = n;, therefore:

. . 1
v(p;) = b(6; h(n;) = -
() = 560) = i) = =
[
Proposition 2.3. For any link function:
00; 1 1
on 6y V)
In the case of the canonical link: 0,60; = §(1;). ¢
Proof. By implicit differentiation of b(6;) = y;:
; 0; i
o) o0 =
O Opy
[

2.2 Properties of GLMs
Proposition 2.4 (GLM Properties). Suppose n; = x.3.
e The score for 3 is:

N yi —b(6:) =
“s =1 ov(ps) g(pi)

e The score for ¢ is:

" ( ey, 0; — b(b;
U‘FZI{ -

e The information for 3 is:
n

x; !
Tsp = —_—
Bﬁ 121 ov (i) 9% (i)
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e The information for ¢ is:
3 C yu ,uz ) Z
Too = Z EY=0 2 Z
¢
e The cross information between 3 and ¢ is:

T = 0.

Proof. The model log likelihood is:

=1 =1

The score for 3 is:

0U; 00; O O~y —b(6:) 1 .o o
Zael 5 B, 35 ; 5 - h(n;) - ;.

Since b(6;) = v(;):

I e ACHE?
Us = il 9) = 2"y 30y

The score for ¢ is:

B Y B - oc(yi, @) B yith — b(ei)}
N ; 09 ;{ 09 02 '

Towards finding the information for 3, observe that U is expressed as a function of 0,

and p;, each of which is a function of 3. Now, the Hessian for 3 is:

S B — 00; Oy On; OB~ Opi On; 0B’ )

0Bos'
Evaluating the first derivative within the sum:

_ 7

00; Opi i 0B~ ow(ps) g(pa)  b(6;) () ov (1) 42 ()
Observe that the second derivative within the sum is of the form:

. x;, O 1 Op; On;
Wi =000} B v i) om 08
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Upon taking the expectation, this term vanishes due to the leading factor of {y; — b(QZ)}

Therefore, the Fisher information for 3 is:

0%/
Tog = - (8585’) Z¢u

The Hessian for ¢ is:

020 I~ (0%ly;,
H‘M’:_:Z{ c(yi, @)

yili — b(ei) }
+2 .
D2

0¢* ¢?
The Fisher information for ¢ is:
020 020 0?c(y;, & 14;60
T - _E(Z= __ v _ E ) _9 Vi z
" (8&) 092 E { 092 } Z
The Hessian between B and ¢ is:

{yz } ZL;
8ﬁ8¢ E:

H
o wi) (i)

Due to the factor of {y; — b(6;)}, the Fisher information between 3 and ¢ vanishes:
¢
I — —E =
" (%(%)

Remark 2.1. Since B and gg are asymptotically independent, a consistent estimate of

B is obtained by solving the score equations U3 for S with ¢ replaced by any consistent
estimator g% ¢

Proposition 2.5. Define the following n X n characteristic matrices:

A= dlag{ (Uz)}

1
W= s g
% = diag{V(y;) | = ding{ov(u;) }.

These matrices are related via:

W l=AXA.
Using these forms, the score for 3 is expressible as:

Us = X'WA(y — ).

The information for 3 is expressible as:

Toy = XWX,
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Corollary 2.1. Under the canonical link v(g;)g(p;) = 1, hence:

W = diag{ } , WA =¢'1, 3 = diag{ov ()}

1
GG (1)
)

Result 2.1 (Iteratively Reweighted Least Squares). Suppose B(T) is the current

estimate of 3, and define the working response vector as:
G = XA + AV (y — ).

The Newton-Raphson update for 3 is the weighted least squares (WLS) estimator for
regression of g on X using weights W ). That is:

AU = (XWO X)X Wg, (2.1)

Proof. The Newton-Raphson update for 3 is:

~

B(TH) = B( ) Ig,@/ (B(T))UB(B(T))-
Writing out the score and information:
B(TH) — B(T) + (X'W(T)X)_IX'W(T)A(T) (y _ u(?“))
— (X'W X)L {(X/W(mx)g(r) +XWOAD (y — u(’“))}

— (Xlw(T)X)—IX/W(T) {X,é(r) + A(r) (y . “(r))}.

2.3 Deviance

Definition 2.3. Let ¢(u, ¢; y) denote the log likelihood as a function of the mean vector
p = (p1,- -, ) and the dispersion parameter ¢. If 8 is the MLE of 8 and fi = h(X3),
then ¢(f1, ¢;y) is the realized log likelihood. The maximum attainable log likelihood is
Uy, d;y). Let 0; denote the canonical parameter for the ith observation under the MLE,
and let 6; denote the canonical parameter for the model that maximizes the log likelihood.

The scaled deviance is:

DZ—Q{E(ﬂ,cb;y)—f(y,aS;y)}Z%Z[yi(@-—é — {b(6; —bé}]
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Result 2.2. The Pearson y? statistic for GLMs is:

. - Yi — [ 2_ - (yi_ﬂi)Q L 9
T‘E{fv@»} _; oo(u) X

1

where p = dim(3). Setting T’ i E{Xi_p} = (n — p) and solving for ¢ gives a method of

moments estimator for ¢:

n A~

b=t 3 (y: — )" 22)

n—pi v(fii)

&
2.4 Quasi Likelihood
Definition 2.4. The log quasi likelihood of an observation y; with mean ;:
i
Yi—u
4 = q\Hi) = du.
( ) Yi ¢V<u>
[

Discussion 2.1. The use of quasi likelihood allows for specification of GLMs with non-

standard mean-variance relationships. The derivative of ¢; is the quasi score:

_ 0g; _ Yi — i
Oy ov(ps)

Observe that the quasi score has expectation zero and variance:

V() =V (ZJM%) N ¢V(1Mi)’

which coincides with the negative expected Hessian:

“E( 22 ) = —.
(31%2 ov(pi)

The regression parameters are estimated by solving the estimating equations:

Uy

o' . Y — I Set
Us = K diag{v(y, VI _E 5t
b= 55 Uae{V)} =
where the dispersion parameter ¢ is estimated as in (2.2). [ )
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Inference
Example 3.1. Consider a GLM with linear predictor:
m =z + 26

Suppose the hypothesis of interest is Hy : 8 = 0. Let & and é denote solutions to the

score equations under the full model:

Set

Us(o, B) = X'WA(y — ) = 0,

Set

Us(a, B) = ZWA(y — p) = 0.
Let & denote a solution to the score equation under the null model:
Us(ce, B=0)=X'WA(Y —p) Z0,

The efficient information for 3 is:

Lo = ZWZ —~ ZWX(X'WX) ' X'WZ. (3.1)
The Wald statistic for evaluating Hy : B = 0 is:

Tw = B'Zsp1a0 (3.2)
Let Z;l[g denote the score
Us = Z'W A(y — p)

for B evaluated at &« = & and B = 0. The score statistic for evaluating Hy : B = 0 is:

Ts = UT 55, Us. (3.3)
Under Hy, Ty and Tg are asymptotically Xfﬁm(ﬁ). [ )

Example 3.2. Consider again a GLM with linear predictor:
ni =z + 20
A score statistic for testing Hy : 8 = 0 may be constructed using the working vector:
y=Xa+Aly—p).
The expectation and variance of y under H, are:

Eo(g) = Xa, Vo(§) = ASA =W,
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The GLS estimator of a is:
a=(XWX)'X'Wy.

The score for 3 is expressible as:

Us=Z WAy —p)=Z'W(y - Xa).
Evaluating the score at @ = & gives:

Us = 2'Qy.
where Q = I — WX (X'W X))~ X'W. The variance of Uj is:
V(Uy) = Z'QW'QZ = Z'QZ,
which is exactly the efficient information (3.1). The working vector score statistic:
Ts = Us(Z'QZ) Uy = §QZ(Z'QZ) ' Z'Qy
= (- X&) WZ(Tysa) ZW (5 - X&)

coincides with the standard score statistic in (3.3). [ )

Examples

4.1 Normal Distribution

Example 4.1 (Canonical Link). The normal distribution takes the form:

i — pi)? i — p2/2 1 2
f il 0%) = (2m0*) "2 exp {_%} = oxp {% - 5 In(2mo”) - %} '

Identify o2 as the dispersion parameter and § = p as the canonical parameter. The

cumulant function and variance functions are:

o) =2 V() = b(6) = 1
The canonical activation function is the identity:
hin) = b(n) =7
Thus g(p) = pand g(p) = 1.
The characteristic matrices are:
A=1, W = ()71, > =01
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4.2 Bernoulli Distribution

Example 4.2 (Canonical Link). The Bernoulli distribution takes the form:

Flyilpa) = ' (1 — ) ™ = exp {yz- In (1 l_LM> +1n(l — Ni)} :

8—1H<L>,
I —p

as the canonical parameter, which is related to p via:

Identify:

- e? 1 B 1
T 1iet H= e

I

The dispersion parameter is ¢ = 1.

Expressed in terms of the canonical parameter, the density takes the form:

F(yil6:) = exp {yi0; — In(1 + %)} .
Identify b(f) = In(1 + €) as the cumulant function, whose derivatives are:

B 60 6(0) B 66(1 + 60) _ 60(60) B 60 1
ol B (14 €)? T 14e 1+l

b(6) — (1 - p).

The canonical activation function is:

with inverse:
gy =1 | ) =(p) — (1 - p).
I—p
The derivative of the canonical link is:
1 1 1

)= T T

The characteristic matrices are:

1
A:diag{—}, W = diagq (1 — ;) ¢, Y=W.
pi(1 = pi) il )}
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Example 4.3 (Probit Link). Consider the Bernoulli distribution with the Probit link:

The first derivative is:
() = — =
5 {e 0y o)

where ¢ denotes the standard normal density. The characteristic matrices become:

A—diag{ } W_diag{fﬂ}, 3 = diag{pi(1 — ) }-

1
o(1:) (1- Mz‘)

Note that:

pi(l — ;) = ‘I)(ﬁi){l - q’(m)} = ®(m;)P(—n;).

4.3 Poisson Distribution

Example 4.4 (Canonical Link). The Poisson distribution takes the form:

e
f(ilpi) = T = exXp {yz In(p;) — ps — lﬂ(yi!)}.

7.

Identify § = In(u) as the canonical parameter, with inverse y = ¢’. The dispersion

parameter is ¢ = 1. Expressing the density in terms of the canonical parameter:

f(y:l0;) = exp {yzﬂi —e¥ — ln(y,-!)}.

Identify b(f) = ¢’ as the cumulant function, with derivatives:

The canonical activation function is h(n) = b(n) = ", with inverse g(u) = In(u). The

derivative of the canonical link is ¢() = p~'. The characteristic matrices are:

A:diag{l}, W:diag{,ui}, Y=W.

7
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