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Cumulants

Definition 1.1. The moment generating function of a random variable X is:

Mx(s) = E(e*%) = /e“f(x)dx

The moments of X are the coefficients m; in the expansion:
2 3

= s/ s s
s):ij] —1—|—m18+m22 —|—m33‘ +

The cumulant generating function is the logarithm of the MGF:
Kx(s) =1InMx(s).

The cumulants of X are defined by the coefficients x; in the expansion:
2 3

0o
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Example 1.1. Cumulants are related to moments via the identity:

oo

5 = s
Zﬁjﬁ:Kx( ) IDMX =In (ij )Zln <1+Zmﬂﬁ>
j=1 =t

i 1)k+1 (i Sj)k
k=1 J=1 7t

Expanding the sums gives:

s s 1 2 &3 ¢
/ﬁs—l—mgQ +1133—|— -=+I(m13+m22 —|—m33—|— 4|+ )
1 s s3 2
—§<m13+m22 +m33‘—|—---)
1 52 | .
+§<m15+m2§+...) _Z(m13+...) 4o

Equating coefficients gives:

K1 =my,
_ 2
Ro = Mg — My,
K3 = mg — 3mims + 2m‘;’,

Ka = M4 — dmims — 3m% + 12m%m2 — 6m‘11.
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Alternatively, the moments are related to the cumulants via the identity:
ijﬁ:Mx<S):eXp{Kx(S)}:eXp ijﬁ :Hexp{/ﬁjﬁ}
J=0 J=1 J=1
> 1 A > gJ 521
:H Z_ 2 = 14+ K= + K2 4.8
|<Kﬂ |)} H{ J 5 Jo1( 512 }
j—l{ N\l j! 2151

j=1

Expanding the sum and product gives:

82 83 84 282 353 484
1+m18+m2§+m3§+m4z+---={1+ms+f€1§+/ﬁa+mla+---}
82 ) 84
X {1+K2§+/€22!<2!)2+---}

53 st
X{1+H3§+}X{1+K’4Z+}X

Equating coefficients gives:

mi = Ky,

2
Mo = K] + Ka,

_ .3 3
mg = K] + 0K1K2 + Ks,

My = /ﬁ1 + 6/{?/@2 + 3/@% + 4r1K3 + Kg.
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Hermite Polynomials

2.1 Basic Properties

Definition 2.1. The Hermite polynomials Hy(z) are defined by the series expansion

of the generating function Gy (z,t):
Gz, t) = e /2 = ZHk —' (2.1)

The first several Hermite polynomials are:

Hi(z) =z,
Hy(z) = 22 — 1,
Hs(z) = 2° — 3z,
Hy(z) = 2" — 622 +3
|
Proposition 2.1. The Hermite polynomials satisfy the recursion:
Hy(z) = kHy_y(z) for k> 1.
¢
Proof. Differentiating the exponential representation of (2.1) w.r.t. z:
0 0
g G (@ t) = e ™ = e = 4Gy (a1
o tk—‘rl 0 0 tk
=S e = S ) e = S
k=0 k=0 k=1
Differentiating the series representation of (2.1) w.r.t. x:
0 = . tk
1= k=0
Equating powers of ¢ gives:
Hy(x) = kHy_y(z) for k > 1.
[ |
Proposition 2.2. The Hermite polynomials satisfy the recursion:
Hyi1(z) = xHi(x) — kHy_1(x) for k > 1.
¢
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Proof. Differentiating the exponential representation of (2.1) w.r.t. ¢:

0 . 0 ot—t2/2 __ xt—t2/2 _
EGH(x,t) = 3¢ =(z—t)e = (x —t)Gy(x,t)
oo koo k+1
k=0 k=0
°° RS t*
= Zka(x)E - Z k:Hk_l(x)E
k=0 k=0
Differentiating the series representation of (2.1) w.r.t. ¢:
9 0 — R ! S ¢
EGH(%t) =5 ;Hk(x)g = ;Hk(x) = ;Hk—i—l(f)g

Equating powers of ¢ gives:

Hii1(z) = xHg(z) — kHp—1 ().

n
Result 2.1 (Rodrigues’ Formula). The Hermite polynomials satisfy:
g dr
(—1) e (z) = Hi(z)p(x), (2.2)
x
where ¢(x) is the standard normal density. s

Proof. The Hermite generating function (2.1) is expressible as:
xt—12 /2 x2/2—(t—x)2/2 - th
Gu(z,t)=e =e :ZHk(x)g
k=0
The kth Hermite polynomial is given by:

> o & h
e C N S S 10 L
{ otk }to { o 2 @)
=0 t=0

Replacing the kernel of the generating function:

oF 2 ok . 2 2 ok 2
H _ ) 7 wt—t?)2 _ )2 xt/2—(t—x)%/2 _ 2?2 ) Y —(t-x)?/2 )
‘ (x) { otk ‘ t=0 ot* ‘ t=0 ‘ ot* ‘ t=0

Observe that:

|
—
gk
=
=
T =
~| >
o~
g}
I
=
s

O mt=ar12 _ _ g _ gye-t-z — _ 0 mt-arp2

ot Oz
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Replacing the derivatives in ¢ with derivatives in x:

k
_ z?/2 -1 kY —(t—x)?/2 _ T2 -1 kd_ —x2/2
e {( )kae }t_o e H( )dxke .

Multiplying through by ¢(z) = (27)~"/2 exp(—x?/2) gives:

S i) = (~1 ()

Result 2.2 (Orthogonality). The Hermite polynomials form an orthogonal system to
the ¢p-weighted inner product:

(oo = [ Holo) (@)oo s =

Proof. Multiply two instances of the Hermite generating function (2.1):

sm™n

min!’

Gr(z,5)Gpl(z,t) = e™ =22 =N "N " [, (2) H, ()

m=0 n=0

2

Multiplying the series representation by e~*/? and integrating gives:

mtn

ZS / H,,(2)H, (z)e " dz,
m=0 n=0 min! -

—z2/2

Multiplying the exponential representation by e and integrating gives:

) o0 0 k
/ 6335732/2+:rt7t2/27x2/2dx _ est/ ef(xfsft)2/2dx _ €St\/% _ \/%Z (8]:')
k=0

—00 —00

Since the two representations are equivalent:

oo 0o g 00 " I _z2/2d B \/2_ 00 (St)k
z:()z% min! m(@)Hn(x)e v WZ k!
m=0 n= o0 k=0

Equating coefficients gives the result. |
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Fourier Transform

Definition 3.1. Define the Fourier transform as:

)= [ atare

and the inverse Fourier transform as:

FHG(w =5 / G(w)e“dw.
[ |
Result 3.1. ¢(t) is an eigenfunction of the Fourier transform and its inverse:
F{o(2)} = /2 = Vamo(w),
FHVmp(w)} = FHe Py = o).
)
Proof. The Fourier transform of ¢(z) is
} / e 2/2 e~ WT oy — \/_/ e~ (@+iw) )2/2— w2/2d$
e~ e_“ 2y = e 2,
\/_ oo
The inverse Fourier transform of e=<*/2 is
1 [
F1 (€7w2/2) _ %/_ 70.)2/2 ST Ly — _/ (w—ix)?/2— 12/2dw
L a2 —u? —
=5-¢ /2/_006 /Qdu—\/—Q_W *2,
[ |
Corollary 3.1. The Fourier transform of z%¢(x) is:
F{a"¢(x)} = i* (1) Hy(w)e /2.
The inverse Fourier transform of whe +"/2 is:
FHuPe Py = i Hy () ().
)
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Proof. Observe that:
o _. . - - 1 0

—iwx —ilwx —iwx —wx k _—iwzx —iwx

% = (—i)ze ™" xe =——e "™ 2% =———¢€
w

The Fourier transform of 2%¢(z) is

1 2 ; > ok
F k — —z2/2 k W o — / —wz g
{ZL‘ gb(l‘)} \/%/ Xr \/ﬂ 7006 )k_awke X
dk —w : —w
dwkf Flo(x)} = it e =i (- 1) Hy(w)e
Similarly:
2 1 [ 2/9 1 [>~1 0k
=1y, k —w?/2y _ © k, —w?/2 iwz _ - iwz
FH{w" } o /_oow e e"“"dw o zk_ﬁxke dx
1 w2 , dk
= (i T ey = (if () = L (a)o(a)

3.1 Fourier-Hermite Expansion

Theorem 3.1. The Hermite polynomials form a complete, orthogonal basis for the

Hilbert space H of square-integrable functions w.r.t. to the ¢-weighted inner product:

(f,)s = / " f@)g(@)ele)ds

Corollary 3.2. Any h € H admits a Fourier-Hermite expansion:

x) = Z apHy(x)

To determine the coefficients (o), take the inner product of h wrt the mth Hermite

polynomial H,,:

(h, Hin)y = Z%(Hk, Hy)p = aml,
= (h Hyy — /°° h(z) Ho () () da.

m'Oo

Alternatively, consider the Hilbert space £2? of square integrable functions with the inner

)= [ rwygteyis
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The Gram-Charlier expansion with the normal kernel takes the form:
= apHi(z)p(). (3.1)
k=0

Suppose X ~ fx with fx € £2. The coefficients of the Gram-Charlier expansion are:

Zak Hy¢, Hy) = amml,
k=0
1 1
= - / I =~ Ex{H (X))
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Edgeworth Expansion

Definition 4.1. The characteristic function of a random variable X is the scaled

inverse Fourier transform of the density fx:

Yx(w) = /_Z fx(x)e“*dx.
|

Theorem 4.1 (Characteristic Function Inversion). The density fx is recovered

from the characteristic function ¥ (w) via:

Fx(z) = % / ()= du. (41)
]

Proposition 4.1. Suppose X; Pr 'x. Define the standardized observation Z; and the

standardized sum S:

Zz:(XiU—_M), S:\/ﬁ(X;u)'

The CGFs of S and Z are related via:

Proof. The MGFs are related by:

Ms(t) = E{e"} = E {exp {t (X —M)H =K
ol g 522)

=1

Taking the logarithm gives the result. |

=K

Proposition 4.2. A formal expansion for the CDF of S is given by:

N
1 ° - —w?/2—iwt - 1 = (Z.w)j
oo k=1 j=3
where k; is the jth cumulant of the standardized observation Z;. ¢
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Proof. From the inversion identity in (4.1):

_ / oo fs(t)dt / / Ps(w)e dwit,

where g(w) = Mg(iw) is the characteristic function of S.

Expressing ¢g(w) in terms of the CGF for Z:

_ %/m /; {MZ (%) }n et duy
_ _w/_oo /_Oo exp {nKZ (%) —iwt} dwdt.

Expanding the CGF as a power series:

Fg(s 277/ / exp {an] e iwt} dwdt.

Since Z is standardized x; = 0 and ko = 1:

w) (iw)? :
27r/ / exp{ (2‘71 —i—ZHJJ'n]/Q —iwt p dwdt
/ / exp{———zwt—i—Z/@] }d dt

- —w? /2—iwt ] W
- /_OO /_Ooe eXp{‘Z3 mjj!nj/21}dwdt.
j:

Taylor expanding the exponential term that depends on n gives:

. k
1 ° > —w? /2—iwt S 1 S <iw)j
Fs<8) :%/ / e / 1—'—25 (ZHJW dwdt.
0 S0 k=1~ \j=3 )

Corollary 4.1. A formal expansion for the density of S is given by:

. k
1 > —w?/2—iws - 1 - ]
fs(s) = %/_ e/ 1+ Z 0 (Z 'nJ/Q 1) dw. (4.3)

&0 3

&

Remark 4.1. The Edgeworth expansion for the standardized sum S is obtained by

evaluating the integrand of (4.2) term-wise. ¢
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Proposition 4.3. The O(n~3/2) Edgeworth expansion for F(s) is
K2

2n

K3

Fs) = 0(5) = 006) { g o) + 2 () + 22 () | + O,

Proof. The series from (4.2) is expressible as:

(iw)? (iw)* 1 (iw)? 2
{1—}—(/{33!711/24_;{4 i 4 _|_§ ,€3W+... RN

The O(1) term of the expansion is:

1 s 0 '
_ L / / e~ 12 ot
T J—00J—-c0

oW /2—iwt _ 12 /2—(wtit)2/2 (4.4)

By completing the square:

Evaluating the O(1) term:

/ / 7t2/2 (wit) /dedt

i S T
27T e /_ L ~@H/2 g dt = /_ —s=c "t = ®(s).

0o V21

The O(n~'/?) term is:

o= 3 ’ - —w?/2(: N3 _—iwt
il = e |

Observe that:

(iw)e™ = (~L)ge ™,

The integral in the O(n~'/2) term reduces to:

e w a oW
/ / 2/2 a ~e tdwdt — _/ / ( )
:_/ /OO —w?/2— zwtdwdt _/ d_/ —12 /2—(w+it) /szJdt
dt3 dt3
d? 2 2 a3 1 2
_1)3 —t /2/ —(wHit)2/2 :/ e e
27r 3 ( )dt?’e _ooe dwdt 3 ( )d _ dt

:/s( 1) ZZ (t)dt = (— 1)3/8 j; (t)dt = (— 1)3%:2925(5)-

—00

e v 2/2— zwtdwdt
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Applying Rodrigues’ formula (2.1):

I = (-1)(-1)*256() = (~1) Ha(s)6(5).

Combining the O(1) and O(n~'/?) terms of the Edgeworth expansion:

R3

Fs(s) = ®(s) = =5

Hy(s)p(s) + O(n"). (4.5)

Obtaining the O(n™!) term of the Edgeworth series requires consideration of the k = 2
term from (4.2). The contribution of the £ = 1 order term from (4.2) is

—w2/2 4 e iwt 4
4In - 27?/ / dwdt = 4nH3( 5)(s),

where evaluation of the integral follows the same procedure as for the O(n~'/2) term.
The contribution of the k = 2 term from (4.2) is

—w22 6—zw
s | e st = S (s)606)

Combining the O(n™!) terms with (4.5) gives the result. [

Corollary 4.2. An analogous derivation applied to (4.3) gives:
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