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Augmentation

The purpose of augmentation is to provide nonparametric covariate adjustment for a

marginal treatment contrast. An augmented estimator always has variance less than or

equal to the original unadjusted estimator.

For treatment arms k ∈ {0, 1}, let Yik denote the outcome of subject i in arm k and Xik

a vector of covariates. Suppose g(θ1, θ0) is a treatment contrast, and that the estimator

of each θk admits an influence function expansion:

θ̂k − θk =
1

nk

nk∑
i=1

ψ(Yik; θk) + op(1) =
1

nk

nk∑
i=1

ψik + op(1)

The unadjusted treatment contrast is:

∆̂unadj = g(θ̂1, θ̂0). (1.1)

The adjusted treatment contrast takes the form:

∆̂adj = g(θ̂1, θ̂0)− ω′(X̄1 − X̄0),

where ω is a weight vector:

ω = Σ−1
XXΣX∆.

ΣXX is the variance of X̄1 − X̄0:

ΣXX = V(X̄1 − X̄0) = V(X̄1) + V(X̄0).

Letting µ̂X denote the grand mean:

µ̂X =
1

n1 + n0

{
n1∑
i=1

Xi1 +

n0∑
i=1

Xi0

}
,

ΣXX may be estimated as:

Σ̂XX =
1

n2
1

n1∑
i=1

(Xi1 − µ̂X)
⊗2 +

1

n2
0

n0∑
i=1

(Xi0 − µ̂X)
⊗2. (1.2)

ΣX∆ is the covariance between X̄1−X̄0 and g(θ̂1, θ̂0). To obtain this, consider the Taylor

expansion of g(θ̂1, θ̂0):

g(θ̂1, θ̂0) = g(θ1, θ0) + ġ1(θ1, θ0)(θ̂1 − θ1) + ġ0(θ1, θ0)(θ̂0 − θ0) + op(1).
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Now:

ΣX∆ = C{X̄1 − X̄0, g(θ̂1, θ̂0)} = C{X̄1, g(θ̂1, θ̂0)} − C{X̄0, g(θ̂1, θ̂0)}
= ġ1(θ1, θ0)C(X̄1, θ̂1 − θ1)− ġ0(θ1, θ0)C(X̄0, θ̂0 − θ0)

Note that X̄k only covaries with the effect estimate θ̂k from the same treatment arm.

Using the influence function expansions:

ΣX∆ = ġ1(θ1, θ0) ·
1

n1

n1∑
i=1

C(X̄1, ψi1)− ġ0(θ1, θ0) ·
1

n0

n0∑
i=1

C(X̄0, ψi0)

= ġ1(θ1, θ0) ·
1

n2
1

n1∑
i=1

C(Xi1, ψi1)− ġ0(θ1, θ0) ·
1

n2
0

n0∑
i=1

C(Xi0, ψi0).

ΣX∆ may be estimated as:

Σ̂X∆ = ġ1(θ̂1, θ̂0) ·
1

n2
1

n1∑
i=1

(Xi1 − µ̂X)ψ̂i1 − ġ0(θ̂1, θ̂0) ·
1

n2
0

n0∑
i=1

(Xi0 − µ̂X)ψ̂i0. (1.3)

Overall, the covariate-adjusted estimator is:

∆̂adj = g(θ̂1, θ̂0)− Σ̂′
X∆Σ̂

−1
XX(X̄1 − X̄0). (1.4)

The asymptotic variance is given by:

V(∆̂adj) = Σ∆∆ − Σ′
X∆Σ

−1
XXΣX∆. (1.5)

Here Σ∆∆ is the variance of g(θ̂1, θ̂0):

Σ∆∆ = ġ21(θ1, θ0)V(θ̂1) + ġ20(θ1, θ0)V(θ̂0) + op(1),

which may be estimated by:

Σ̂∆∆ = ġ21(θ̂1, θ̂0) ·
1

n2
1

n1∑
i=1

ψ̂2
i1 + ġ20(θ̂1, θ̂0) ·

1

n2
0

n0∑
i=1

ψ̂2
i0. (1.6)

Summary

The general procedure for nonparametric covariate adjustment via augmentation is:

1. Identify the treatment contrast of interest (1.1).

2. Calculate the influence function contributions of each subject (ψik).

3. Calculate the variance components ΣXX (1.2), ΣX∆ (1.3), Σ∆∆ (1.6).

4. Calculate the covariate-adjusted estimator (1.4) and its variance (1.5).
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