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Heritability

Narrow-sense heritability (h?) is a population parameter that describes the proportion
of phenotypic variation that attributable to additive genetic variation [7]. Initially, her-
itability was estimated by means of pedigree analysis. Later, methods were developed
to estimate heritability within genome-wide association studies (GWAS). Each approach
has advantages and limitations. Pedigree-based heritability hied is susceptible to infla-
tion due to shared environmental and non-additive genetic effects. GWAS or SNP-based
heritability h3yp is less susceptible to inflation because the variation explained is esti-
mated using conventionally-unrelated individuals who are unlikely to consistently share
a common environment or non-additive genetic effects. However, the value of hiyp de-
pends on which SNPs are included in the analysis. Because a GWAS typically will not

contain all causal variants for a trait, hdyp < h? in general.

Quantitative Trait SNP-Heritability

SNP-based heritability is estimated via a linear mixed effects model of the form:
y=X0B+ Wu +e, (2.1)
e yis an n x 1 phenotype vector.

o X is an n X p covariate matrix, not including genotype, and 3 is a p x 1 vector of
fixed effects.

« W is an n x m standardized genotype matrix, and u ~ N(0,021I) is a vector of
random genetic effects. W;; = (Gi; —p;j)/v/2p;(1 — p;) where G;; € {0,1,2} is the
number of minor alleles for subject ¢ at SNP j, and p; is a minor allele frequency

of SNP j. Because u is constrained to follow a normal distribution with a single

2

2), (2.1) is estimable even when m > n.

free parameter (o
o €~ N(0,02) is an n x 1 residual vector.
Model (2.1) can be recast as:
y=XB+g+e, (2.2)

where g ~ N(0,02A) where A = m™'WW' and o} = mo,.. A is the empirical genetic
relatedness matrix (GRM), UZ is the total genetic variance, and 0?2 is the per-SNP genetic

variance. The total phenotypic variance is:

V(y|X)=0;A+ 01
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The SNP-heritability is:

2 2
h2 _ 09 o mUu
SNP — 2 2 2 2°
04+ 0¢ mo; + o’

2.1 REML Estimation

The variance components 0'2 and o2 from (2.2) may be estimated via restricted maximum
likelihood. In the single component case, the restricted log likelihood is:

1
(0%, 0?) = —5{ Indet(V) + Indet(X'V~'X) + y Py},

909
where V = 02 A + 021 and:
P=V'_VIX(X'V X)XV

The single component model in (2.2), introduced by Yang et al [2], is sensitive how
the minor allele frequency (MAF) and linkage disequilibrium (LD) of causal variants
compare with those of tagging variants. Extending the model to utilize multiple genetic
components makes the estimated heritability robust to these properties [5]. The multi-
component model takes the form:

K
y:Xﬁ+ng+€7

k=1
where g, ~ N(0,07,A;) and A; is the GRM calculated using only those variants in
the kth stratum, where strata are defined based on MAF and LD. The SNP-heritability

under a multi-component model is:

K
Zk:l ‘713

hip =
SNP — K 9 9"

2.2 Haseman-Elston Regression

Consider the model:

y=XB+(, C=9g+e
where g ~ N(0,07A) and € ~ N(0,02I). Observe that E(¢) = 0 and that:
E(G¢) = 0§Aij + 020, = (Ayj, 5@')/(05703)-

To estimate the variance components 8 = (07, 07)" construct an outcome z = (¢;¢;) for
i < j and a corresponding design matrix B = (A;;,0;;). Although (; is unobserved, it
can be replaced by the consistent estimator éz =1y — w;,é, where B is the ordinary least
squares (OLS) estimator from regression of y on X [6]. Regression of 2 = (éléj) on B

provides a method-of-moments estimator for 6.
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2.3 Inference

Given an estimate of @ = (02, 07)’, obtained (e.g.) by REML or Haseman-Elston regres-

sion, and an estimate Cyy of its covariance, the SNP-heritability and its standard error
may be calculated as follows. Let g(u,v) = u/(u + v), such that hiyp = g(0). The
gradient of g is:

0= (s o)

By the A-method:

ilgNP ~ N{thPa VQ(B)IC%’VQ(O)}-

2.4 LD Score Regression

LD Score Regression [4] allows for estimation of heritability using summary statistics.

The fundamental equations of LDSC is:

2 nhixp
E(ijj) = (’I’LCL + ].) + m fj,
o n is the sample size and m the number of SNPs.

o The LD score ¢; =), r?-k is the sum of the squared correlation of the jth SNP
with all other SNPs.

e a is a measure of inflation attributed to confounding biases.

LDSC tends to underestimate heritability, particularly when the causal variants are rare,

but is a robust method of estimating a lower bound [8].

Binary Trait SNP-Heritability

3.1 Liability Threshold Model
Under the liability threshold model, an individual’s latent disease liability is:
Lz’ = GZ + €,

where G; ~ N(0,h%), ¢, ~ N(0,1 — h%), and h? is the liability-scale heritability. An
individual is a case (Y; = 1) if their liability exceeds a threshold 7 determined by the

prevalence K of the disease in the population:

K=PY =1)=P(L>7)=1-d(r). (3.1)
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Because the liability L; is not directly observed, the observed-scale heritability h2., is
first estimated, based on Y; € {0, 1}, then transformed to liability-scale heritability using
the prevalence K and ascertainment proportion P (i.e. the proportion of subjects who
are cases due to the sampling scheme). Lee et al [1] developed a formula for converting
observed-scale heritability to liability-scale heritability:

, K1-K) K(1-K)

M= e PPy

where 7 is the liability threshold (3.1) and ¢ is the standard normal PDF. Golan et
al [3] report that estimating the observed-scale heritability for a binary trait by means
of REML (2.1) introduces substantial bias. They propose estimating h% _ by means
of phenotype-correlation genotype-correlation (PCGC), which extends Haseman-Elston
regression to the binary setting and enables covariate correction. PCGC was further
developed by Weissbrod et al [9].
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