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Introduction

Pseudo-observations provide an approach for investigating how a parameter θ, expressible

as the expectation of the outcome variable Y , depends on a set of covariates X. Let

(Yi, Xi) denote IID observations. Consider the parameter defined by:

θ = EY {g(Yi)},

where g is a known function. For each observation i, define the conditional value:

θi = θ(Xi) = EY |X{g(Yi)|Xi},

and note that θ = EX(θi). The ith pseudo-observation is defined as:

θ̂i = θ̂ + (n− 1)(θ̂ − θ̂(−i)) = nθ̂ − (n− 1)θ̂(−i). (1.1)

where θ̂ is the full-sample estimate of θ, and θ̂(−i) is the jackknife estimate obtained by

omitting observation i.

Pseudo-observations are particularly useful in the survival setting, where the outcome

data are subject to censoring. Quantities amenable to modeling using pseudo-observations

include the survival probability, the restricted mean survival time, and transition prob-

abilities in multi-state models. The pseudo-observations are generated in a way that ac-

counts for censoring. However, once generated, the pseudo-observations can be directly

modeled within the standard generalized estimating equation framework; no further spe-

cialization to account for censoring is required.

Pseudo-observation calculation

The pseudo-observation θ̂i for subject i is a measure of how much influence subject i has

on the full-sample estimate θ̂. Rearranging (1.1) gives:

θ̂i − θ̂ = (n− 1)
{
θ̂ − θ̂(−i)

}
=
T{Fn + ϵn(δi − Fn)} − T (Fn)

ϵn
,

where θ̂ = T (Fn) expresses θ = T (F ) as a statistical functional, δi is a point-mass on

observation i, and ϵn = −(n− 1)−1. Recall that the influence function for observation

i is defined by:

ψi = lim
ϵ→0

T{F + ϵ(δi − F )} − T (F )

ϵ

Thus, θ̂i−θ̂ is a finite-sample approximation to ψi, which improves for n→ ∞. Moreover,

if ψ is known, then the pseudo-observations can be calculated (approximately) without

jackknifing:

θ̂i ≈ θ̂ + ψi
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2.1 Kaplan-Meier

Consider right-censored survival data (Ui, δi), Ui = min(Ti, Ci), δi = I(Ti ≤ Ci). The

influence function expansion for the Kaplan-Meier estimator Ŝ is:

√
n{Ŝ(t)− S(t)}

−S(t)
=

1√
n

n∑
i=1

∫ t

0

dMi(u)

n−1
∑n

j=1 Yj(u)
+ op(1)

where:

Yi(u) = I(Ui ≥ u)

is the at-risk process,

Ni(u) = I(Ui ≤ u, δi = 1)

is the counting process,

dMi(u) = dNi(u)− Yi(u)dA(u)

is the counting process martingale, and A(u) is the cumulative hazard. The influence

function for subject i with respect to the KM curve is:

ψi(t) = −S(t)
∫ t

0

dMi(u)

n−1Y (u)
,

where Y (u) =
∑n

j=1 Yj(u) is the total number at risk. Thus, for θ(t) = P(T > t), the

pseudo-observation can be approximated as:

θ̂i(t) ≈ Ŝ(t)− Ŝ(t)

∫ t

0

dM̂i(u)

n−1Y (u)
.

2.2 Restricted mean survival

The restricted mean survival time is:

R(τ) = E{T ∧ τ} =

∫ τ

0

S(u)du.

Defining θ(τ) = R(τ) and building directly upon the Kaplan-Meier pseudo-observations,

those for the RMST can be approximated as:

θ̂i(τ) =

∫ τ

0

Ŝ(t)dt−
∫ τ

0

Ŝ(t)

∫ t

0

dM̂i(u)

n−1Y (u)
.

Alternatively, using integration by parts, the influence function for the RMST can be

expressed as:

ψi(t) = −
∫ τ

0

µτ (u)dMi(u)

n−1Y (u)
,

Created: Oct 2022 2



Updated: Oct 2022 Pseudo-observations Zachary McCaw

where:

µτ (u) =

∫ τ

u

S(t)dt.

Thus, the RMST pseudo-observations are alternatively given by:

θ̂i(τ) =

∫ τ

0

Ŝ(t)dt−
∫ τ

0

µ̂τ (t)dM̂i(t)

n−1Y (t)
.

2.3 Cumulative incidence function

Suppose δi ∈ {0, 1, · · · , J} can assume (J +1) possible values, where δi = 0 corresponds

to censoring and δi = j ≥ 1 corresponds to the jth event of interest. The cumulative

incidence of the jth event is:

Fj(t) = P(Ti ≤ t, δi = j),

which is estimated by:

F̂j(t) =

∫ t

0

Ŝ(u−)
dNj(u)

Y (u)
.

The influence function for observation i on F̂j is:

ψji(t) = −Fj(t)

∫ t

0

dMi(u)

n−1Y (u)
+

∫ t

0

Fj(u)dMi(u)

n−1Y (u)
+

∫ t

0

S(u)dMji(u)

n−1Y (u)
,

where:

dMji(u) = dNji(u)− Yi(u)dAj(u)

is the cause-specific martingale, and:

dMi(u) =
J∑

j=1

dMij(u) = dNi(u)− Yi(u)dA(u).

Additionally,

N(t) =
J∑

j=1

Nj(t), A(t) =

∫ t

0

dN(u)

Y (u)
, S(t) =

t

R
0

{
1− dN(u)

Y (u)

}
.

Finally, the pseudo-observations can be approximated as:

θ̂ji(t) = F̂j(t) + ψji(t).

Created: Oct 2022 3



Updated: Oct 2022 Pseudo-observations Zachary McCaw

Modeling pseudo-observations

Having generated pseudo-observations (θ̂i), the dependence of θ on covariates X is in-

vestigated by specifying a generalized linear model for θi:

θi = θ(Xi) = h(β′Xi), (3.1)

Model (3.1) is estimated within the generalized estimating equation (GEE) framework.

Specifically, define the estimating equations:

U(β) = 1

n

n∑
i=1

Ui =
1

n

n∑
i=1

D′
iV

−1
i {θ̂i − h(β′Xi)}, (3.2)

where Di is the Jacobian:

Di =
∂h(β′Xi)

∂β′ =
∂h(ηi)

∂ηi
X ′

i,

where ηi = β′Xi, and Vi is a working covariance structure, which need not be correctly

specified. The estimate β̂ is obtained by solving U(β) Set
= 0. The variance is obtained

using a sandwich estimator:

V(β̂) = A−1BA−1, A =
n∑

i=1

D′
iV

−1
i Di, B =

n∑
i=1

UiU
′
i .

The estimates of β̂ obtained by solving (3.2) are consistent and asymptotically normal:

β̂ − β
·∼ N{0,V(β̂)}.

3.1 Multiple timepoints

For parameters θ(t) that are time-dependent, pseudo-observations can be generated

across a grid of timepoints (τ1, · · · , τM), for instance quantiles of the marginal distri-

bution of T (as estimated by Kaplan-Meier). The GEE framework in (3.2) readily

accommodates vector-valued pseudo-observations:

θ̂i =

 θ̂(τ1)
...

θ̂(τM)

 .

Modeling multiple timepoints is expected to improve precision when components of β

are shared across timepoints. Note that in the multiple timepoint setting, Xi should

include time or some function thereof (e.g. a spline basis [1]) to allow θi to depend on t.

Modeling 10 and not more than 20 timepoints has been recommended [2, 3, 1].
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3.2 Working covariance matrix

Klein and Andersen [3] make three suggestions for possible working covariance matrices.

A simple but likely inefficient choice for the working covariance matrix is identity Vi = I.

A more-sophisticated approach is to consider the variance of the estimand in the absence

of censoring. For example, consider estimating the survival function:

S(t) = P(T > t) = ET{I(T > t)}

at multiple time-points (τ1, · · · , τM). In the absence of censoring:

Ŝ(τm) =
1

n

n∑
i=1

I(Ti > τm).

The covariance between any two time points τm1 < τm2 is:

C{Ŝ(τm1), Ŝ(τm2)} =
1

n2

n∑
i=1

C{I(Ti > τm1), I(Ti > τm2)}

=
1

n

[
E{I(Ti > τm1)I(Ti > τm2)} − E{I(Ti > τm1)}E{I(Ti > τm2)}

]
=

1

n
{S(τm2)− S(τm1)S(τm2)} =

1

n
S(τm2){1− S(τm1)}.

This suggests a working covariance structure of the form:

Vi,ab = S(τb|Xi){1− S(τa|Xi)}, a ≤ b.

The S(t|Xi) = g(β′Xi) appearing in the working covariance structure may either be

updated iteratively during model fitting, or approximated by:

Ŝ(t|Xi) = g(β̂′
0Xi),

where β̂0 is the estimate of β obtained using the working independence model Vi = I.

A final candidate for Vi is the empirical correlation matrix:

Vi,ab =
1

n

n∑
i=1

(θ̂ia − θ̄a)(θ̂ib − θ̄b), θ̄a =
1

n

n∑
i=1

θ̂ia.

Like the working independence model, the empirical correlation model is not subject-

specific.
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