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Background

1.1 Review of Counting Process

Recall that a counting process N(t) is a continuous-time stochastic process satisfying
N(0) = 0, with cadlag sample paths and increments dN(t) of size 1 at event times.
By the Doob-Meyer decomposition, there exists a unique predictable process A(t) such
that the compensated process M(t) = N(t) — A(t) is a mean-zero martingale. The

compensator, or cumulative intensity, is expressible as:

where A(s) is a predictable intensity process.

In differential form:
dM(t) = dN(t) — A(t)dt. (1.1)
Since M (t) is a mean-zero martingale:
E{dM(t)|Z(t-)} =0,
and since A(s) is a predictable process:
A(t)dt = E{dN(t)|.7 (t—)}.

1.1.1 Optional and Predictable Variations

The variance of a mean-zero martingale is the expectation of its optional and predictable

variation processes:
V{M(t)} =E[M*(t)] = E[(M(1))].

The optional variation of the stochastic integral of a predictable process H(s) with

respect to a mean-zero counting process martingale is:

[ )] = [ meae) - [ rsa

The predictable variation is:

</ H(s)dM (s > /H2 (s)>:/OtH2(s)dA(s)
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1.1.2 Standard Brownian Motion

Definition 1.1. Standard Brownian motion is a Gaussian process W : [0,00) — R

with these properties:
e Boundary condition: W (0) = 0.
e Moments: E{W(¢)} = 0 and C{W (s), W(t)} = min(s,t).
e Continuous sample paths.

e Independent, stationary increments.

Discussion 1.1. Let W (t) denote standard Brownian motion.

e The independent increments property means that for any 0 = tg < t; < -+ < t,,,

the differences:
Ay =W(t) —W(ty), Aa=W(tay) —W(t1), ---, A,=W(t,)—W(t,—1),
are independent.
e The stationary increments property means that for any s < t:
W(t) — W(s) L W(t—s).
e The optional and predictable variations of W (t) coincide and are equal to ¢:
(WI(t) = (W)(t) = t.

e Both W () itself and W?2(¢) — t are zero-mean martingales.

1.1.3 Martingale Central Limit Theorem

Theorem 1.1. Suppose M ™(t) is a sequence of mean-zero martingales defined on [0, 7],
and for any € > 0 let M (t) denote the martingale containing all jumps of M () that

are of size greater than e. If the following conditions hold:
i (M™)y Ly 52(t) for all t € [0,7] as n — oo, where 0%(t) is a strictly increasing
continuous function with ¢%(0) = 0.
i, (M™) 250 for all t € [0, 7] for any € > 0 as n — .
Then, M ™ (t) converges weakly to a Gaussian martingale:

M™(t) ~ W{a?(t)}.
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1.1.4 Functional Delta Method

Theorem 1.2. Suppose g is a continuously differentiable function, and that for n — co:

\/ﬁ{/jn<) - ﬂ()} ~ Z(')> (1'2)

where Z(-) has continuous sample paths. Then:

vn{go () —gou()} ~ {g on(-)}2()

and:
Vin{go fin(-) —gopu()} = {9 on()} - Vi () — p(-)} +0p(1).
O
1.2 Data
Let {(U;, ;) }, denote IID observations, where:
U; = min(C;, T), 5, =I(T; < Cy).
Define the individual-level event and at-risk processes:
N;(t) =1(U; < t,6; = 1), Yi(t) =1(U; > t).
The intensity of N;(t) will take the form:
Ai(t) = a(t)Yi(t),
where «(t) is the hazard of the event-time distribution.
Denote the aggregated, sample-level processes by:
N(t) = Nil®), Y(t) = Yi(), At) =D Ni(t).
i=1 i=1 i=1
The aggregated intensity process satisfies the multiplicative property:
At) = a(t)Y (). (1.3)
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Nelson-Aalen

2.1 Cumulative Hazard

Definition 2.1. The cumulative hazard may be defined as:

At) = — /0 gfﬁ)). (2.1)

Discussion 2.1. The survival increment is interpretable as:
—dS(t)=S(t—)—S{t) =Pt <T <t+dt).

If the distribution of 7" is absolutely continuous, then —dS(t) = f(t)dt and S(t—) = S(t),
such that (2.1) reduces to:

A(t):/ot %du:/ota(u)du,

where a(u) is the continuous hazard.
If the distribution is discrete, then —dS(t) = S(t—) — S(t) = P(T = t) and:
—dS(t) P(T

- et = al)
Sit—) P(T >t '
Thus, in the discrete case,
Alt) =) alu),
u<t
where «(u) is the discrete hazard.
The differential form of (2.1) is:
dS(t) = —=S(t—)dA(t). (2.2)
[ )
2.2 Estimator
Definition 2.2. The Nelson-Aalen estimator of the cumulative hazard is:
. b J(s)
At :/ dN(s).
0= [ 5N
where J(t) = I{Y(t) > 0}, and J(¢)/Y () =0if Y(¢) = 0. [
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Proposition 2.1. Define the modified cumulative hazard:

A() = /0 J(s)a(s)ds,

then:

t
A(t) — A*(t) = dM(s).
=20 = [ Far)
where M (s) is the counting process martingale corresponding to N (s).
Proof. From (1.1) and (1.3):
dN(s) — a(s)Y (s)ds = dM(s).

Multiplying by J(s)/Y (s) and integrating over [0, ]:

Corollary 2.1. Since the RHS of (2.4) is the stochastic integral of a predictable process

with respect to a mean-zero martingale, the Nelson-Aalen estimator fl(t) is unbiased for

A*(t):

E{A(t) — A*(t)} = 0.

Corollary 2.2. An estimate for V{A(t) — A*(t)} is given by:

63 (1) = /0 {/]2(2) dN(s).

Proof. The optional variation of (2.4) is:

A - 0] = [ L2 awrr= [ A ancs,

(2.5)
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2.3 Asymptotics

Proposition 2.2 (Consistency). If inf,cp ., Y (s) —= oo as n — oo, then:

sup [A(t) — At)| - 0. (2.6)
te[0,7]

See [1] (IV.1.1). ¢
Proposition 2.3 (Asymptotic Normality). Let A*(t) = fot J(s)dA(s) denote the

modified cumulative hazard, and A(t) the Nelson-Aalen estimator. Suppose there exists

a deterministic function y(s) = plim n~'Y (s) strictly positive on [0, 7]. The normalized
n—oo

process \/ﬁ{fl(t) — A*(t)} converges weakly to a Gaussian martingale:

VA{A(t) = A% (0)} ~ W{oFa (1)}, (27

o2, (1) = /0 als)

with variance function:

y(s)
Moreover,
sup |n - 6%a(s) — okals)] 250,
s€[0,7]
where 6%, (t) is the optional variation estimator (2.5). See [1] (IV.1.2). ¢

Proof (Sketch). Consider the normalized difference:

Vil - a0} = [ ).

where H (s) is the predictable process:

The predictable variation is:

(Vo - a0} = [ {76 )
e
- [ v
= t& Sjx{s)as
- | Y Gt

= t J(S> al\s)as
‘Anww>””

By hypothesis n='Y'(s) -2+ y(s), which is strictly positive on [0, 7], hence J(s) - 1

and:

plim<\/ﬁ{121(t) - A"} = /Ot plim J(5) a(s)ds = /Ot a(s) ds.

n—00 n—00 n_IY(S) y(s)
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2.4 Confidence Bands

Proposition 2.4 (Gill Band). A simultaneous level (1 — «) confidence band for A*(t)
and t € [0, 7] is given by:
Agt) — D=0 gy < Agp) 4 Dzedmaln)
vao SA0E

where v;_, is a critical value such that:

P{ sup ‘W(u)‘ < 71_a} =1-—a.

u€(0,1]
¢
Proof. Recall that \/ﬁ{fl(t) — A*(t)} converges weakly to a Gaussian martingale:
Vi{A(t) — A5 ()} ~ W{oZ,(1)}.
Since 0%, () is monotone increasing:
A Jalt
sup {i A(t) —A*(t)‘} £ sup W{U;\IA( ) }‘ = sup |W(u)|
tefo.r] LoNa(T) te[0,7] oxa(T) u€l0,1]
Let 7, denote a critical value such that:
P sSup ’W(U)‘ < VMea ¢ = - «,
u€0,1]
then:
1—a=P<{ sup —L—|A(¢ —A*t(g o
{te[o,r} ona(T) () () o }
1 Yi—aONa(T) 1 Yi—aOnNa(T)
=PSA{t) - ———F——= < A(t) A{t)+ ———=——=for Vt € [0
{aw - 22200 < ) < gy + 2200 forvre o
[

Definition 2.3. The standard Brownian bridge is a Gaussian process B : [0,1] — R
with these properties:

e Boundary conditions: B(0) = B(1) = 0.
e Moments: E{B(t)} = 0 and C{B(s), B(t)} = min(s,t) — st.

e Continuous sample paths.
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Proposition 2.5. Let W (t) denote standard Brownian motion, and define:

1—-1

t
B(t)=(1-tW ( ) , (2.8)
with B(1) = 0. Then B(t) is the standard Brownian bridge. ¢

Proof. The boundary conditions are satisfied since B(0) = W (0) = 0 and B(1) = 0.
The mean of B(t) is:

E{B(t)} = E {(1 _ oW (%) } 0,

since E{W (-)} = 0. Noting that s/(1 —s) <t/(1 —1t):

o (122) 0w (1)

:(1_3)(1_@@{14/(1;)>W(1L—t>}

= (1-s)(1-1)—

= min(s,t) — st.

1—s

B(-) has continuous sample paths since W (-) has continuous sample paths and (1 —t) is
continuous with (1 —¢) - 0 ast — 1. [

Proposition 2.6. Define:

_ U%A(t)
K(t) = T+ 02, (1)

and let ¢(u) denote a continuous, non-negative function on [0, 1]. Then,

(KD} {1 - KO} - Va{A®t) = A"(t)} ~ o{K(1)} - B{K (1)}

Proof. Observe that:

From (2.7):
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therefore:
K@) {1 KO} VA{A©) - 470}~ otk ) - (- ko) w {20,
By (2.8):
otr@) - (1= w0} w{ 5 0 Ll o) BUs),
n

Proposition 2.7.

sup [g{K()} - {1 = KO} -Va{A() - A"} 5 s q(w)-|B@)  (2.9)
te[0,7] u€l0,K(7)]
where B(-) is the standard Brownian bridge. See [2]. ¢

Proposition 2.8 (Hall-Wellner Band). A simultaneous level (1 — «) confidence band
for A*(t) and t € [0, 7] is given by:

A(t) . ’Yla{ljﬁalgm(t)} < A(t) < A(t) n ’yla{l\—/l—ﬁof\m(t)}’

where v;_, is a critical value such that:
P¢ sup [B(u)|<yiap=1-q
we[0,K(7)]

Proof. From (2.9) with ¢(-) = 1:

1—a=P{ sup
te[0,7]

=P< sup
tel0,7]

oL el Ra O ey < ap o NmedlEoRa M} ;
_]P{A(t) 7 < AN(t) < A(t) + NG for vt € [0, ]}

{1- K@)} Va{Aw) - 470} < fy}

1+JNA

Vifa) - a0} < fy}

|
Proposition 2.9 (Equi-Precision Band). A simultaneous level (1 — «) confidence

band for A*(t) and ¢ € [0, 7] is given by:

) _onalt A _aona(t
Ay — Dza0mall) ey < ) 4 Dzaalt)
vn
where v;_, is a critical value such that:

lP’{ _swp |Blu)] - {u(l = w}? < %a} =1-a,

[0,K(7)]
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Proof. Let q(u) = {u(l —u)}~"/2, then:

o2 -1/2
q{K@)}{l—K@)}:{%@)Q} N

Now, from (2.9):

1—ai1P’{Sup K@)} - {1 - K@)} - vVn{A(t) - A*(t )}‘S'na}

te(0,7]

tE[O 7]

- P{A(t) - w < A*() < A(t) + 1=omNAD vy e [0,7]}

f{A )}’ S'Yla}

UNA

2.5 Generating Sample Paths

Example 2.1. Recall from (2.4) that:

VR{A(t) - A4°(1) D v (s).
Let H(s) = +/nJ(s)/Y(s) denote the integrand and define the process:
At) = Va{A() - A1)

n

- [ 3 aw

=1

[ o).

=1

To generate approximate sample paths from A(%), consider the process:

AO (1) = ZZ(b {/H dN()}

i=1

where Zi(b) are IID perturbation weights, with mean 0 and variance 1; for example,

) 11D

ZO M N(0,1).

Practically, the sample path A®) () is a step function, and may be summarized in tabular
form. Let t; < --- < tg denote the distinct observed event times. Then, sample path is
completely characterized by A®)(t,) for k € {1,---, K}, where:

Z"s,
Y(ty)’

A (1) = \/ﬁi

k=1
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where Jj is the number of events observed at time ¢, and Z,gb) ~ N (0, dg).

The collection of sample paths:
{A(l), e ,A(B)}7

may be used to approximate the percentiles for functions of A(t). For example, suppose

interest lies in identifying a critical value v;_, such that:

IP’{ sup |A(t)| < 71_a} =1-a.

te(0,7]

For each of B iterations,
i. Generate the perturbation weights ZZ-(b) .
ii. Compute and store M®) = SUDye(0,7] |IA®(1)].

Finally, select v;_, as the upper (1 — a)th percentile of the {M®}, then:

A MN—a
A(t) NG

is an asymptotic confidence band for A*(¢). [

Kaplan-Meier

3.1 Survival Function

Proposition 3.1. Let 0 =ty < t; < --- < tx =t partition the interval (0,¢]. Then:

S(t) =[[P(T > tx|T > tys). (3.1)

k=1
¢

Proof. By successive conditioning;:

P(T > t)

]P)(T > tK) = P{(T > tK) N (T > tK—l)}
(T > tK|T > tK_1>]P>(T > tK—l)
(T > tK|T > tK,1>]P><T > tK,1|T > tK,Q)P<T > thg)

P
P

K
HP(T > tk’T > tkfl)

k=1

Note that P(T > t;|T > ty) = P(T > t;) since P(T" > 0) = 1. [

Created: July 2020 11



Updated: Oct 2020 Nelson-Aalen and Kaplan-Meier Zachary McCaw

Proposition 3.2. Suppose S(t) is the survival function S(t) = P(T" > t) of a positive

random variable, and that the cumulative hazard is defined as in (2.1). Then,

) =T {1-dA@)} = hmH{l—AAtk

u<t
where the limit is over finite partitions of [0,¢] as M = maxy |ty — tg—1| — 0. See [1]
(I1.6.6) for details. ¢

Discussion 3.1. For an absolutely continuous distribution:

P(T > 1) = T {1 - alu du}—exp{ /Sta(u)du}:eA(t).

u<t

For a discrete distribution:

P(T > 1) = J[{1-dA@w} =[] (1 - ).

u<t u<t
More generally, for a mixed distribution whose cumulative hazard A(t) decomposes as
the sum A(t) = Ac(t) + Ap(t) of an absolutely continuous component Acs(t) and a

discrete component Ap(t):

t
Actt) = [ afuydu, -3
0
the product integral becomes:

= T( {1 - a(u)du} = e A H {1-au}.

u<t u<t

3.2 Estimator

Definition 3.1. The Kaplan-Meier estimator of S(t) is the product integral of the

= T {1 - dAc)

u<t

Nelson-Aalen estimator:

The Kaplan-Meier estimator is expressible as:

so-T{ -7}

k=1

where the finite product is taken across all distinct event times 0 < t; < --- <tg <7. N

Definition 3.2. Greenwood’s estimator for the variance of S(t) is

il / Y(s dN< )}
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3.3 Asymptotics

Proposition 3.3 (Consistency). If inf,cp ., Y (s) —= oo as n — oo, then:

sup |S(t) — S(t)| - 0.

te[0,7]
See [1] (IV.3.1). ¢

Proposition 3.4 (Asymptotic Normality). Define the modified survival function:

s (t) = T {1-da"(w)},

u<t
and let S (t) denote the Kaplan-Meier estimator. Suppose there exists a determinis-

tic function y(s) = plim n~1Y(s) strictly positive on [0,7]. The normalized process
n—oo

\/ﬁ{g(t) — S*(t)} converges weakly to the Gaussian process —S*(-) W{oF,(-)}:

V{S(t) = 57 (1)} ~ —S" () W{oxa ()}

with marginal variance function:

ot = 5°0) | US) 15 = 52 (0)02 ).

The covariance at times s < ¢ is S(s)S(t)oda(s), not oy () A oy (t).

Moreover,

sup |n - () — o (s)] 50,

s€[0,7]
where:

A b J(s)
G2 (t) = S?(t / dN(s),
() = 50 [ F57nav ()

or alternatively Greenwood’s estimator. See [1] (IV.3.2) for details. ¢

Proof (Sketch). Consider T absolutely continuous. Let S(t) = exp{—A(t)} denote the
estimator of S*(t) obtained by exponentiating the Nelson-Aalen estimator A(t). From
(2.7) and the functional delta method (1.2):

Vi{S(t) — S*(t)} ~ —S*(t) - W{oka(t)}.

It can be shown that:

Va{S(t) = 5(t)} = o,(1),
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therefore:

Vi{S(t) = 57 (1)} = Va{S(t) - 5(t)} + Va{S(t) - 5*(t)}
= Vn{S(t) = S*()} + 0,(1)
v =5 (t) - W{oka ()}
[ ]

Discussion 3.2 (Kaplan-Meier to Nelson-Aalen). The Kaplan-Meier and Nelson-

Aalen estimators are asymptotically related via:

Vi{S(t) — S(t)}

S = VA — A} + o).

Using the martingale representation of the Nelson-Aalen estimator:

Va{S(t) s} [t v
Iy —/0 Y(S>dM(s)+0p(1).

3.4 Confidence Bands
Discussion 3.3. Since \/ﬁ{fl(t) — A*(t)} and \/ﬁ{g(t) — S*(t)}/S*(t) have the same

limiting distributions, confidence bands for the Nelson-Aalen estimator may be adapted
to provide confidence bands for the Kaplan-Meier estimator. In particular, the Hall-
Wellner band takes the form:

S«(t) . 71—01{1 +;§A(t)}‘§(t)

where v;_, is a critical value such that:

Y-afl + 08, (H)}S5(1)

< S*(t) < S(1) + n ,

IP’{ sup |B(u)| < 71—a} =1-aq,

we[0,K (7))
The equi-precision band takes the form:

T1—aONA (t) S(t)

NG :

() — Y1—aona()S(0)

NG < S*(t) < S(1) +

where v;_, is a critical value such that:

P{ e [Bu)] - {u(l —u)} /2 < VI—Q} =l-

[0,K(7)]
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3.5 Generating Sample Paths

Example 3.1. Consider the process:

A(t) = vr{$() - S(1)}.
Sample paths may be generated using the representation:

ValS - S®}y _ [t v
5 —/0 Y(S)dM(s)+0p(1).

In particular:
A(t) = ;/0 {—%} dM;(s) + op(1).

Let Z” denote IID (0,1) perturbation weights, and define:

AO(t) = — i z” { /0 t %dl\&@}

For each of B iterations,
i. Generate the perturbation weights ZZ»(b).
ii. Compute and store M©®) = SUDye(0.7] IA®) (1))

Finally, select v,_ as the upper (1 — a)th percentile of the {M®}, then:

& M-«
S(t) + Yo

is an asymptotic confidence band for S*(t). [ )
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