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Ghosh Lin Estimation

1.1 Setup

Let D denote the time to a terminal event (e.g. death), C' an independent censoring
time, and N*(¢) the number of recurrent events by time ¢. While censoring is assumed
independent of D and N*(t), no restrictions are placed on the dependence of recurrent

or terminal events. Due to censoring, an observation takes the form {N(-),U, ¢}, where:
N(t)=N*(tAC), U = min(C, D), §=I(D<C).

The observed data D = {N;(-),U;, d;} are IID replicates of {N(-),U,d}.

1.2 Mean Cumulative Function

Definition 1.1. The mean cumulative function (MCF) is defined as:

p(t) =E{N*(t)}.

Proposition 1.1. The MCF is expressible as:

¢
u(t) = [ Studr(),
0
where S(u) = P(D > w) is the survival function, and dR(u) = E{dN*(u)|D > u}. ¢

Proof.
() = /0 E{dN*(u)} /0 P{AN*(u) = 1} = /O P{AN*(u) = 1,D > u}
= /OtIP’(D > uw)P{dN*(u) = 1|D > u} = /OtS(u)dR(u).

Example 1.1. Suppose the gap times for the recurrent event process N*(t) are inde-
pendent and exponentially distributed with arrival rate A4. In the absence of terminal
events, N*(t) is a Poisson process with MCF u(7) = E{N*(7)} = Aa7. Suppose death

occurs independently according to an exponential distribution with arrival rate \p, then:

p(r) = / e M\ ydt = j\\—A {1 — e_’\DT} )
0

D

Created: Nov 2020 1



Updated: Nov 2020 MCF Zachary McCaw

Definition 1.2. The Ghosh Lin estimator [1] of the MCF is:

t) = / $(u)dR(u),

where S(u) is the Kaplan-Meier estimator for P(D > u) and R(u) is the Nelson-Aalen

estimator of cumulative recurrence:

. Y dN(u "L [t dN;(u
o= | Y(go):;/o Y(fo)'

Discussion 1.1.

e In the recurrent events framework, a subject remains under observation after the
occurrence of the event. The subject is only lost to observation due to censoring

or a terminal event.

e In the absence of terminal events, S (u) = 1 and the Ghosh-Lin estimator reduces
to the Nelson-Aalen estimator R(t).

e Regarding terminal events as censoring results in systematic overestimation of the

MCF for t greater than or equal to the first terminal event time.

e If the event of interest can occur at most once per patient, then fi(t) is the standard

estimator of the cumulative incidence curve with death acting as a competing risk.

[ )

Example 1.2 (Estimation). The Ghosh Lin curve may be tabulated as follows. Let
71 < --- < Tg denote the distinct observed event, censoring, or death times. Let e, =
dN (1) denote the number of events occurring at 74, d, = dNP(73,) the number at
deaths, and n; = Y(7) the number at risk. The instantaneous event rate at time 7y is
7, = ex/ny, and the instantaneous hazard is hy = d,, /ny. The Kaplan-Meier estimate of

the survival at time 75, is the cumulative product:

SA']C = S’(Tk) = H (1 - iLJ)
J<k
Finally, the Ghosh-Lin estimate MCF at time 7y is:

i, = ﬂ(Tk) = ZSJ : 72]"

J<k
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Consider the following table in which an event occurs at 7y, followed by a death at 7,

then a second event at 73, a censoring at 74, and a final event at 75. Note that the number

at risk decreases following a terminal event (or censoring), but not after an event. For

clarity, the number of censorings ¢ is also tracked.

e Ck ex dp ngp o Ty I Sk i
n 0 1 0 10 1/10 0 1 1/10
» 0 0 1 10 0 1/10 9/10 1/10
s 0 1 0 9 1/9 0 9/10 2/10
w1 0 0 9 0 0 9/10 2/10
s 0 1 0

1/8 0 9/10 5/16

1.3 1-Sample Asymptotics

Proposition 1.2 (Influence Function Expansion).

where:

y(u) y(u)

Vi(t) = /Ot MdMiD(U) — u(t) /Ot Lol]\/[iD(u) + /Ot S(u)

y(u)

(1.1)

(1.2)

is the influence function, where y(u) = P(U > u) is the probability limit of n~'Y (u),

t
Mi(t) = Ni) - | Vi(wdR(w)
0
is the recurrent events martingale and:
t
MP() = NP(0) - [ VitwdaP(w
0

(]

is the terminal event martingale.

Proof. The normalized difference is expressible as:

Vialilt) =0y = va [ Stak) - va [ s@aR)
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Adding and subtracting \/ﬁfg S(u)dR(u) gives:

va{i(t) — pt)} = L(t) + L(1),

where:
1) = Vi [ {3 = S(w}aR)
L(t) =vn /0 S(u)d{ R(u) — R(u)}.
From:
Vit S _ AP — 40} + 1)

the first term is asymptotically equivalent to:

L(t) = —vn /0 {S(u_) &j(“)} - S(u)dR(u)
- / V{AP () = AP (u)} - dya(u) + 0,(1),

where AP (u) is the cumulative hazard for terminal events, and AP (u) is the correspond-

ing Nelson-Aalen estimator.

Integrating by parts:
- [Vata% ) - 470} - dut
= VA% - AP 0] V[ a4 ) — A7)
= —VRAP(0) — AP0+ Vi [ ) A7) - A7)

Using the martingale expansion of the Nelson-Aalen estimator:

Vi{AP(t) — AP(1)} = % / T o,(1).

dMP (u)
y(u)
I,(t) becomes:
__M(t) " dMP (u) RS tM D)+ o
no =02 ST g ) S e

Now consider I5(t). By uniform consistency of the Kaplan-Meier estimator:

L(t) = vn /0 S(u)d{R(u) — R(u)} + 0,(1).
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From Ghosh Lin (A.8):

. 1 [TdM(u)
vathn - R} = —= [ S o),

where:

M(t) = N(t) —/ Y (u)dR(u).

0
Consequently:
! . 1 " S(u)
\/ﬁ/o S(u)d{R(u) — R(u)} = %/0 WdM(U) + 0,(1),
and overall:
~ — tM D u) — ti D U t% u (@)
Viada) =0} = [ B8P - ute) [ —anP)+ [ Zanw) + o).

Corollary 1.1. /n{fi(t) — u(t)} converges weakly to a mean-zero Gaussian process

with covariance function:

(s, t) = E{(s) - v(t)},

which is estimable by:
1 n
Y(s,t) = — i(S) - Wi(t).
(s, ) n;lw(s) i(t)

In particular:

Vi) — u(t)} ~ W{okep®)},

with:

oner(t) = E{e*(1) },
&

Discussion 1.2. Since u(t) is non-negative, point-wise confidence intervals may be con-

structed via:

A C{a) - u)
Vi)~ p(t)} = Vit

In particular, an asymptotic (1 — «) level confidence interval is given by:

+ 0,(1).
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1.4 2-Sample Asymptotics

Definition 1.3. The two sample log-rank statistic for equality of two MCF's, Hy : p;(t) =
wo(t) for all t € [0, 7] is:

Tin(r) = /O " () — u(®)).

where:
n Yi(t)Yo(t)

w(t) =

|
Proposition 1.3. Under Hy : ui(t) = po(t):
() 4, ),
where:
9 no ~— [ (7 S TN 2
st = S [ womno} S ] [Cewan]
and () is the influence function for subject ¢ in arm j from (1.2). ¢

Proof. Consider the log-rank statistic:

() = (52) " [ etwatinG) - m)

n n

~ (“1”0)” ’ /0 Cw(dfiolt) - molt)}

n

From (1.1):

\/n_g{ﬂ] (t) — ) +op(1

Applied to the log-rank statistic:

(22 = (2)"* 55 [ st
_ (? 1/2\/_2/ t)dibio(t) + 0,(1).

Suppose ny,ny — oo such that ng/n — my and ny/n — m, the normalized log-rank

statistic converges in distribution to a zero-mean random variable with variance:

tn=m-2{ [ Tw(t)dwmt)}Q wmeef Tw(t)dwoa)}Q
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Area Under the Mean Cumulative Function

2.1 Asymptotics

Definition 2.1. Define the area under the MCF as:

U(r) = /O ")t = /0 { /0 tS(u)dR(u)}dt.

By exchanging the order of integration:

U(r) = /0 ' /0 "(u < £)S(u)dR(u)dt = /0 "(r — ) S(u)dR(w).

[
Proposition 2.1 (Influence Function Expansion).
. 1 —
Vi{U(r) = U(1)} = —= ) (1) + 0,(1),
v i=1
where:
T . T [T o d
0 y(u) 0 y(u)
is the influence function, y(u) = P(U > w) is the probability of being at risk,
t
Mit) = Ny(t) — / Yi(u)dR(u),
0
is the recurrent events martingale and:
t
MP() = N2(0) - [ VitwdaP(w
0
is the terminal event martingale.
¢

Proof. Consider the distribution of:
Vi{U(r) — U(r)} =y / "(r — w)S(u)dR(u) — v / "(r — w)S(u)dR(u).
0 0
Adding and subtracting \/n [; (T — u)S(u)dR(u) gives:

Vi{U(r) = U(r)} = Li(7) + I(7),
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where:
\/_/ 7 —u)S(u)d{R(u) — R(u)},
- \/ﬁ/o r—w){S(u) - S(u)}dR(u)
From Ghosh and Lin (A.8):

Vil - R} = o= [ S 1 o,0),

the first integral is expressible as:

From:

Integrating by parts:
~vi [ (7 = w{AP () — AP(w)}adu
0
= = [Valr — u){AP(w) — AP () }p(w) :; + f/ w)d{ (r — u) (AP (u) — AP (u))}.
The first term vanishes, leaving;:
\/_/ Wl (1 — u)(AP(u) — AP(u))}.

Expanding the differential:

—\/E/OT,L(U){AD( — AP (u }du+\/_/ )7 — w)d{ AP (u) — AP(u)}.
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Using the martingale expansion for the cumulative hazard:

VA% - a7y = oz 4

the second integral takes the form:

B(r) == [ (o) Va{AP(0) = AP ()} - du+ / TM(U)(T — ) Vid{AP () = A7(w)}

:_% OTMU){/O ‘”\;(Z } \/_/ T =W 4010 () 4 0y(1).

These terms may be combined as follows:

L) o)== [ [ha< D<s>du+% /T%
L[ dMD dMDu
__//M(S) o) \/_/ (7 — ) y(u())

= 7 L e = [ }d%

The term in braces {} simplifies by reversing integration by parts. In particular:
[ = s)dute) = {(r = 9@}~ [ wts)atr =)
~(r = wntw) + [ uls)ds,

dMD

OP<1)7

therefore:
(e =) - [ " (s)ds = - / “(r — $)dps).

The second integral is now expressible as:

La(r) = —% OT { / (- S)du(S)} dﬂ;&gm

B _L n TfuT(T—S)d,u(S) Dy, o
R e o

Example 2.1. For implementation, let 7 < --- < Tx denote the distinct observed event,
censoring, or death times. For subject i, the martingale increments are approximated
as:

dMy, = dM;(,) = dNi(1i) — Yi(73) - 7,

~

AME = dMP (7)) = ANP(1,) — Yi(mi) - hy,
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where 7, and Bk are the sample event rate and hazard (of death) at time 7.
For a truncation time 7 > 7, the first term of the influence function is:

T mwS) - TS
) = 3

At time 73, the numerator in the second term of the influence function is:

Vg — / "(r — w)dp(u)

Tk
T

(1 —u)S(u)dR(u)

A
:/O  — W) S(u)dR(w) — /OTk(T—u)S(u)dR(u)

Z T —1)S(m)f; = > (1= 73)8(7)7;.

Jj<k

Now, the second term of the influence function is:

f T — S D K Vik D
dM = dM:
I Y= 2 Vi
Overall, the influence function is:
K g ) K ”
S Y ELIANLIY s ——* __amp.
Z y k= Z Y(r)/n o *
k=1 k=1

References

[1]  Ghosh, D and Lin, DY. “Nonparametric analysis of recurrent events and death”. In:
Biometrics 56.2 (2000), pp. 554-562. DOI: 10.1111/7.0006-341x.2000.00554 . x.

Created: Nov 2020 10


https://doi.org/10.1111/j.0006-341x.2000.00554.x

	Ghosh Lin Estimation
	Setup
	Mean Cumulative Function
	1-Sample Asymptotics
	2-Sample Asymptotics

	Area Under the Mean Cumulative Function
	Asymptotics


