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Estimation and Inference

1.1 Setting

Consider data of the form (U, 6;), where Uj is the observation time, and ¢; indicates that

an event occurred prior to censoring:
0 = H(Ti < Oi)-

Suppose the event times (7;) follow a generalized Gamma distribution with shape pa-

rameters « and [, and rate parameter X. The survival function is:

S(t) = ﬁf{a, ()7}, t>o0.

The density of the generalized gamma distribution is:

A

A)eB-1e=(07 4 S )
F(a)( ) e :

ft)

where I'(-) is the standard gamma function, and I'(-,-) is the upper incomplete gamma

function:
F(a,t):/ s e 5ds.
t

The hazard function for the generalized gamma distribution is:

_ BA)A e 07
" = T e )

, t>0.

1.2 Likelihood
The density contribution of the ith subject is:

_BA a1 0w
fi= (o) (Auw;) e )

taking the logarithm:
Infi=mIA+InA—InT(a)+ (af — 1) In(Aw;) — (Au;)?.

The survival contribution of the ith subject is:

i ow)?
S’ F(Q)F{ 7()‘ 1) }

The log survival contribution is:

InS; =Inl{a, (M)’ } —Inl(a).
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The right censored likelihood is:
L(o) = [ 52"
i=1
The right censored log likelihood is:

0(0) ocZél-(lnﬂlen)\—lnF(a)+aﬁln)\+aﬁlnui —ln)\—XBuf>
i=1

+3 (1 -4) <1nF{a, (M)} — lnF(a)).

i=1

Let A, =", d; denote the number of observed failures. The log likelihood becomes:
00) xA,Inf —nInl(a) + ApafIn A
+af Z 8 Inu; — N8 Z 5iu? + Z(l —0;)In F{a, ()\ui)ﬁ}.
i=1 i=1 i=1
When § = 1, the gamma log likelihood is recovered:
la,f=1,\)=—nnl'(a)+ A,aln

=1 i=1 i=1

When evaluated at o = 1, the upper incomplete gamma reduces to:
InlNa=1,s)= ln/ e "du=Ine * = —s.

Consequently, when o = 1, the Weibull log likelihood is recovered:

n

Ua=1,8,7)=20,nB+ABInA+ 8 &lnu — Nl = (1—6;)Mu)
=1 =1

=1

:Anlnﬁ—i-Anﬁln)\—l-ﬁZéilnui—Aﬂzuf.
i=1 i=1

1.3 Score Equations
The score equation for « is:

OInT{a, (\u;)?}
O

Uy = —ntp(e) + ApBIn A+ B dilnu; + > (1-6;)
=1 =1
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The score equation for [ is:

A - -
Us :ﬁ—i—Analn)\—l—aZ&-lnui —)\Blnx\zéﬂtf

alnf{a (Au; ﬁ} O uy;)?
_Aﬁzéu lnuz—i-z a(Aul) a8

The score equation for A is:

A ozﬁ 8lnF{a (A 5} O uy;)?
Uy BTN " g (1- :
Z w + Z )P )
The partials of the upper incomplete gamma were obtained in the derivations for the

(standard) gamma distribution.

1.4 Observed Information

The Hessian for « is:

n

Hoo = —nip(a) + Z(l — 8) W {a, (Au;)’}.

i=1

The Hessian for [ is:

Hﬁﬁ_—%—wm /\Zéu —2)\’31n)\25uﬁlnuz—)\ﬂzéuﬁm u;
=1 =1
a?mr{a, (Au;)?} {a(mi) }2 T {a, (\u;)’} {32 Au;)? }
+ ) (1-4 : + :
;< >( O ()P} o d(u;)? 032

The Hessian in A is:

yANNGY e
Han=— )\26 —B(B—-1)N 2251'“?
=1

" 821nF{a,(Aui)ﬂ} O0w)P®  olnT{a, M)’} [92(\u;)?
+Z<1_5")< 0 ()8} { 2 }+ O( ;) { 2% })

i=1

The mixed partial w.r.t. a and £ is:

Do, Qu)’} [ 90w)’
Hos = A, 1nA+Z<51nuz+Zl_ dad(Au;)? { op }

The mixed partial w.r.t. a and A is:

_ nﬂ Zl_ 821111“{04 ()’ } { )\ui)ﬁ}'

Jad(Au;)P O\
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The mixed partial w.r.t. 5 and A is:

NN "] — BT I sl — BATTY Gl Inw
=1

i=1 i=1

Y — 5 0 InT'{a, (Au)? } . O(Auy)? Y [0 w;)?
e ( of Qus)?}’ { 08 } { ) })
Y omT{a, (\u)’}  8°(hwy)’
+Z(1—(5i) ( a(/\ui)ﬂ . { 359 }) .

1.5 Complete Data

A, B
A

/HBX =

1.5.1 Likelihood

Suppose all events are observed. The log likelihood reduces to:

0(0) xnlnf —ninl'(a) +naﬁlnA+aﬁZlnui - A’@Zu’f.
i=1 i=1

1.5.2 Score

The score for « is:

U, = —np(a) +nfln )+ ﬂZlnui.

i=1

The score for [ is:
Uz = % +naln A+ aZlnu,» — Aﬂln)\Zuf - Aﬁzuflnui.
i=1 i=1 i=1
The score for A is:

Uy === — B\ E;u

Solving U, 20 for A:

1.5.3 Hessian

The Hessian for « is:

Hoo = _nw(@)
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The Hessian for [ is:

Hﬁﬁ_—@—mn )\Zu —2)\51n)\2uﬁlnul—)\52u’31n U
i=1 i=1

The Hessian for \ is:

no e
Hon = ——f —B(B—1N? Zuf
i=1
The mixed partials are:

Hop =nln + Zlnui,
i=1

ng

A Y

Moy = —mﬁ 11n)\2u — NS ] = B ] I,
=1 =1

Ho&\ -

1.5.4 Profiling

The profile log likelihood of (a, 3) is:

la,B) xnlnf —ninT'(a) + naln(na) — naln (Zuf) + aﬁZlnui — na.
i=1 i=1
Taking the partial with respect to 3:

1 i
Z/{gzﬁ—nazz 1Y ag In u;.
6 Zz 1 Z

This equation admits a solution in a:

o Yo u Zlnuz__ .
O‘(ﬁ)—6< 211 Z Zl z)

Substituting the MLE for « into the profile log likelihood of (a, 3) gives a profile log
likelihood for [ alone.

-1
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Properties

Result 2.1. The kth moment of the generalized gamma distribution is:

I'(a+ k/ﬁ)

BT = = 3Ta)

Proof. Writing out the kth moment:

E(T*) = ﬁ /O N R L)} e M7 (BA) (M) L.

Make the change of variables:
u= ()7, du = A(\t)P~1dt.
The inverse transformation is:
t=ul/b /A
Expressing the change of measure as:
utdu = (BN)(At)tdt,

the integral becomes:

1 oo, k/B o u F( —}—k/ﬁ)

Corollary 2.1. The mean of the generalized gamma distribution is:

F(a—i—l/ﬁ)‘

D) = =)

The variance of the generalized gamma distribution is:

V(T) = M}(Q) {F(a +2/8) — W} |
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2.1 First Arrival

Suppose that T follows a generalized gamma (v, 3, A) distribution, and that C' follows a
Weibull (8, d) distribution. The probability that 7" is censored by C' is:

MT>@:EMT>Qﬂ=Eﬂl—an}ﬁ%%/(MWHKWW@—KWﬁﬁ.
0

Rearranging the integrand:

AP

P(T>C)=1- / e (V)7 gyt gy

I'(a) Jo
Let 6 = (A’ + 67), and make the change of variables:
u = 60t° du = BOtP1at.
The inverse transformation is:
t=(u/0)"
and the change of measure is expressible as:
Bt tdt = utdu.

The probability of first arrival becomes:

B /\aﬁ 00 e Y . B /\a,B B (/\/3)04
P<T>C)—1—F(a)/0 e—ae U du_l_e_a_l_—()\6+55)°‘

Suppose we desire to generate independent exponential censoring times C' such that the

probability of censoring is . The required rate for the censoring distribution is:

_ _ l/a 1/18
5:/\ 1 (1 7Tc) .
(1— 7)o
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