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Estimation and Inference

1.1 Setting

Consider data of the form (Ui, δi), where Ui is the observation time, and δi indicates that

an event occurred prior to censoring:

δi = I
(
Ti ≤ Ci

)
.

Suppose the event times (Ti) follow a generalized Gamma distribution with shape pa-

rameters α and β, and rate parameter λ. The survival function is:

S(t) =
1

Γ(α)
Γ
{
α, (λt)β

}
, t > 0.

The density of the generalized gamma distribution is:

f(t) =
βλ

Γ(α)
(λt)αβ−1e−(λt)β , t > 0.

where Γ(·) is the standard gamma function, and Γ(·, ·) is the upper incomplete gamma

function:

Γ(α, t) =

∫ ∞

t

sα−1e−sds.

The hazard function for the generalized gamma distribution is:

h(t) =
βλ(λt)αβ−1e−(λt)β

Γ
{
α, (λt)β

} , t > 0.

1.2 Likelihood

The density contribution of the ith subject is:

fi =
βλ

Γ(α)
(λui)

αβ−1e−(λui)
β

.

taking the logarithm:

ln fi = ln β + lnλ− ln Γ(α) + (αβ − 1) ln(λui)− (λui)
β.

The survival contribution of the ith subject is:

Si =
1

Γ(α)
Γ
{
α, (λui)

β
}
.

The log survival contribution is:

lnSi = lnΓ
{
α, (λui)

β
}
− ln Γ(α).
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The right censored likelihood is:

L(θ) =
n∏

i=1

f δi
i S

1−δi
i .

The right censored log likelihood is:

ℓ(θ) ∝
n∑

i=1

δi

(
ln β + lnλ− ln Γ(α) + αβ lnλ+ αβ lnui − lnλ− λβuβi

)
+

n∑
i=1

(1− δi)
(
ln Γ

{
α, (λui)

β
}
− ln Γ(α)

)
.

Let ∆n =
∑n

i=1 δi denote the number of observed failures. The log likelihood becomes:

ℓ(θ) ∝∆n ln β − n ln Γ(α) + ∆nαβ lnλ

+ αβ
n∑

i=1

δi lnui − λβ
n∑

i=1

δiu
β
i +

n∑
i=1

(1− δi) ln Γ
{
α, (λui)

β
}
.

When β = 1, the gamma log likelihood is recovered:

ℓ(α, β = 1, λ) =− n ln Γ(α) + ∆nα lnλ

+ α
n∑

i=1

δi lnui − λ
n∑

i=1

δiui +
n∑

i=1

(1− δi) ln Γ
{
α, λui

}
.

When evaluated at α = 1, the upper incomplete gamma reduces to:

ln Γ(α = 1, s) = ln

∫ ∞

s

e−udu = ln e−s = −s.

Consequently, when α = 1, the Weibull log likelihood is recovered:

ℓ(α = 1, β, λ) = ∆n ln β +∆nβ lnλ+ β
n∑

i=1

δi lnui − λβ
n∑

i=1

δiu
β
i −

n∑
i=1

(1− δi)λ
βuβi

= ∆n ln β +∆nβ lnλ+ β

n∑
i=1

δi lnui − λβ
n∑

i=1

uβi .

1.3 Score Equations

The score equation for α is:

Uα = −nψ(α) + ∆nβ lnλ+ β
n∑

i=1

δi lnui +
n∑

i=1

(1− δi)
∂ ln Γ

{
α, (λui)

β
}

∂α
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The score equation for β is:

Uβ =
∆n

β
+∆nα lnλ+ α

n∑
i=1

δi lnui − λβ lnλ
n∑

i=1

δiu
β
i

− λβ
n∑

i=1

δiu
β
i lnui +

n∑
i=1

(1− δi)
∂ ln Γ

{
α, (λui)

β
}

∂(λuβi )
· ∂(λui)

β

∂β
.

The score equation for λ is:

Uλ =
∆nαβ

λ
− βλβ−1

n∑
i=1

δiu
β
i +

n∑
i=1

(1− δi)
∂ ln Γ

{
α, (λui)

β
}

∂(λui)β
· ∂(λui)

β

∂λ

The partials of the upper incomplete gamma were obtained in the derivations for the

(standard) gamma distribution.

1.4 Observed Information

The Hessian for α is:

Hαα = −nψ̇(α) +
n∑

i=1

(1− δi)Ψ2

{
α, (λui)

β
}
.

The Hessian for β is:

Hββ =− ∆n

β2
− λβ ln2 λ

n∑
i=1

δiu
β
i − 2λβ lnλ

n∑
i=1

δiu
β
i lnui − λβ

n∑
i=1

δiu
β
i ln

2 ui

+
n∑

i=1

(1− δi)

(
∂2 ln Γ

{
α, (λui)

β
}

∂
{
(λui)β

}2 ·
{
∂(λui)

β

∂β

}2

+
∂ ln Γ

{
α, (λui)

β
}

∂(λui)β
·
{
∂2(λui)

β

∂β2

})
.

The Hessian in λ is:

Hλλ =− ∆nαβ

λ2
− β(β − 1)λβ−2

n∑
i=1

δiu
β
i

+
n∑

i=1

(1− δi)

(
∂2 ln Γ

{
α, (λui)

β
}

∂
{
(λui)β

}2 ·
{
∂(λui)

β

∂λ

}2

+
∂ ln Γ

{
α, (λui)

β
}

∂(λui)β
·
{
∂2(λui)

β

∂λ2

})
.

The mixed partial w.r.t. α and β is:

Hαβ = ∆n lnλ+
n∑

i=1

δi lnui +
n∑

i=1

(1− δi)
∂2 ln Γ

{
α, (λui)

β
}

∂α∂(λui)β
·
{
∂(λui)

β

∂β

}
.

The mixed partial w.r.t. α and λ is:

Hαλ =
∆nβ

λ
+

n∑
i=1

(1− δi)
∂2 ln Γ

{
α, (λui)

β
}

∂α∂(λui)β
·
{
∂(λui)

β

∂λ

}
.
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The mixed partial w.r.t. β and λ is:

Hβλ =
∆nα

λ
− λβ−1

n∑
i=1

δiu
β
i − βλβ−1 lnλ

n∑
i=1

δiu
β
i − βλβ−1

n∑
i=1

δiu
β
i lnui

+
n∑

i=1

(1− δi)

(
∂2 ln Γ

{
α, (λui)

β
}

∂
{
(λui)β

}2 ·
{
∂(λui)

β

∂β

}{
∂(λui)

β

∂λ

})

+
n∑

i=1

(1− δi)

(
∂ ln Γ

{
α, (λui)

β
}

∂(λui)β
·
{
∂2(λui)

β

∂β∂λ

})
.

1.5 Complete Data

1.5.1 Likelihood

Suppose all events are observed. The log likelihood reduces to:

ℓ(θ) ∝ n ln β − n ln Γ(α) + nαβ lnλ+ αβ

n∑
i=1

lnui − λβ
n∑

i=1

uβi .

1.5.2 Score

The score for α is:

Uα = −nψ(α) + nβ lnλ+ β
n∑

i=1

lnui.

The score for β is:

Uβ =
n

β
+ nα lnλ+ α

n∑
i=1

lnui − λβ lnλ
n∑

i=1

uβi − λβ
n∑

i=1

uβi lnui.

The score for λ is:

Uλ =
nαβ

λ
− βλβ−1

n∑
i=1

uβi .

Solving Uλ
Set
= 0 for λ:

λ̂(α, β) =

(
1

nα

n∑
i=1

uβi

)−1/β

.

1.5.3 Hessian

The Hessian for α is:

Hαα = −nψ̇(α).
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The Hessian for β is:

Hββ = − n

β2
− λβ ln2 λ

n∑
i=1

uβi − 2λβ lnλ
n∑

i=1

uβi lnui − λβ
n∑

i=1

uβi ln
2 ui.

The Hessian for λ is:

Hλλ = −nαβ
λ2

− β(β − 1)λβ−2

n∑
i=1

uβi .

The mixed partials are:

Hαβ = n lnλ+
n∑

i=1

lnui,

Hαλ =
nβ

λ
,

Hβλ =
nα

λ
− βλβ−1 lnλ

n∑
i=1

uβi − λβ−1

n∑
i=1

uβi − βλβ−1

n∑
i=1

uβi lnui.

1.5.4 Profiling

The profile log likelihood of (α, β) is:

ℓ(α, β) ∝ n ln β − n ln Γ(α) + nα ln(nα)− nα ln

(
n∑

i=1

uβi

)
+ αβ

n∑
i=1

lnui − nα.

Taking the partial with respect to β:

U †
β =

n

β
− nα

∑n
i=1 u

β
i lnui∑n

i=1 u
β
i

+ α
n∑

i=1

lnui.

This equation admits a solution in α:

α̂(β) =
1

β

(∑n
i=1 u

β
i lnui∑n

i=1 u
β
i

− 1

n

n∑
i=1

lnui

)−1

.

Substituting the MLE for α into the profile log likelihood of (α, β) gives a profile log

likelihood for β alone.

Created: Aug 2018 5



Updated: Mar 2020 Generalized Gamma Distribution Zachary McCaw

Properties

Result 2.1. The kth moment of the generalized gamma distribution is:

E(T k) =
Γ
(
α + k/β

)
λkΓ(α)

.

♣

Proof. Writing out the kth moment:

E(T k) =
1

Γ(α)

∫ ∞

0

tk
{
(λt)β

}α
e−(λt)β(βλ)(λt)−1dt.

Make the change of variables:

u = (λt)β, du = βλ(λt)β−1dt.

The inverse transformation is:

t = u1/β/λ.

Expressing the change of measure as:

u−1du = (βλ)(λt)−1dt,

the integral becomes:

E(T k) =
1

Γ(α)

∫ ∞

0

uk/β

λk
uαe−uu−1du =

Γ(α + k/β)

λkΓ(α)
.

■

Corollary 2.1. The mean of the generalized gamma distribution is:

E(T ) =
Γ(α + 1/β)

λΓ(α)
.

The variance of the generalized gamma distribution is:

V(T ) =
1

λ2Γ(α)

{
Γ(α + 2/β)− Γ2(α + 1/β)

Γ(α)

}
.

♣
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2.1 First Arrival

Suppose that T follows a generalized gamma (α, β, λ) distribution, and that C follows a

Weibull (β, δ) distribution. The probability that T is censored by C is:

P(T > C) = EP(T > C|T ) = ET

{
1− e−(δT )β

}
=

βλ

Γ(α)

∫ ∞

0

(λt)αβ−1e−(λt)β
(
1− e−(δt)β

)
dt.

Rearranging the integrand:

P(T > C) = 1− λαβ

Γ(α)

∫ ∞

0

tαβe−
(
λβ+δβ

)
tβ · βt−1dt.

Let θ = (λβ + δβ), and make the change of variables:

u = θtβ, du = βθtβ−1dt.

The inverse transformation is:

t = (u/θ)1/β,

and the change of measure is expressible as:

βt−1dt = u−1du.

The probability of first arrival becomes:

P(T > C) = 1− λαβ

Γ(α)

∫ ∞

0

uα

θα
e−u · u−1du = 1− λαβ

θα
= 1−

(
λβ
)α(

λβ + δβ
)α .

Suppose we desire to generate independent exponential censoring times C such that the

probability of censoring is πC . The required rate for the censoring distribution is:

δ = λ

{
1− (1− πC)

1/α

(1− πC)1/α

}1/β

.
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