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Continuous-Time Markov Chains

1.1 Overview

Suppose X (t) is a continuous-time non-homogeneous Markov chain with a finite state
space . = {0,1,---,J}. Consider first the two-state chain . = {0,1} underlying

standard survival analysis:

0401(t)

The intensity or hazard matriz is:

Entry (1,2) is api(t), the hazard of transitioning from state 0 to state 1. Entry (1,1)
is the negation of entry (1,2), indicating that if X (¢) enters state 1, then X (¢) has left
state 0. The second row of a(t) is zero, indicating that transitions from state 1 back to
state 0 are not allowed. The event time 7" is defined as 7' = inf{t > 0 : X; # 0}. The

transition matriz is:

_ e~ Ao (?) — e~ Aon(t)
P(t):<5(()t) 1 1S(t)>:< 0 1 1 )

where Ag(t) = fg ap1(s)ds is the cumulative hazard of transitioning 0 — 1 within (0, ¢].
More generally, for an inhomogeneous Markov chain, P(s,t) is the transition matrix

with elements:
Py(s,t) =P{X(t) = j|X(s) = i}.
The transition matrix is linked to the hazard matrix by:

)
S P(s,t) = P(s, Ha(b) (1.1)

where the hazard matrix is formally defined by:
.1
a(t) = lim 5{P(m +6)—1I}.
(1.1) is the forward Kolmogorov equation. The complementary integral equation is:

P(s,t) =1+ /tP(s,u—)dA(u).
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This expression, using dA(u) in place of a(u)du, remains valid even when the elements
of the transition matrix are not differentiable. The solution to (1.1) takes the form of a

matrix-valued product integral:

P(s,t) = J{ {1 +dAw)}. (1.2)

s<u<t

In the absolutely continuous case, dA(u) = a(u)du, where a(u) is the matrix of element-

wise derivatives of the cumulative hazard matrix A(u). For the simple two-state model:

Alt) = ( — ozool(u)du i aog(u)du ) |

and:

1— d d —Anl) 1 - e~ An(®)
Py JU (1 et ) (1)

O<u<t

Closed forms for the product integral equation (1.2) are typically only available for simple

models, such as the competing risk or illness-death models.

1.2 Aalen-Johansen Estimator

Let 7y < -+ < 7k denote the distinct observation times. The transition matrix P(s,t)

is consistently estimated via the Aalen-Johansen estimator:

P(s,;t)= [] {T+dA(r)}. (1.3)

s<1;<t

1.2.1 Two-State Model

Example 1.1. Consider the two-state model. If 7; is an event time:

_ dN(7j) dN(m)
0 1

I+ dA(T].) = ( Y(rj)  Y(7)

Let h; = dN,;/Y;. The product of the first two Aalen-Johansen matrices is:

1—h Iy L—hy hy \ [ (1—=h)(1—hy) (1—hi)hs+hy
0 0 0 0o /) 0 1

The product of the first three matrices will be:

( (1= h)(1 = ho)(1 —h3) (1= h)(1 = ho)hs + (1 — ha)ho + hy )
0 1
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And in general, the product over the first k£ event times is:
k ~ A
A A Sk Fy
=Iai= (37

where Sy, is the standard Kaplan-Meier estimator:
k

S =[] - h),

i=1

and F}, is a corresponding estimator of the cumulative incidence:

Fe=) hi [J(1—hy).

J<t

1.2.2 Competing Risks Model

Example 1.2. Consider the J-state competing risk model:

Define No,(t) = Z;f:l No;(t) as the total number of transitions out of state 0 by time ¢.

If 7; is an event time:

1— dNoe(7j)  dNoi(1j)  dNo2(75) L dNoj(T5)
Yo(r5) Yo () Yo(75) Yo ()
0 1 0 e 0
I+dA(r;) = 0 0 1 0
0 0 0 e 1

Matrix multiplications, as in the two-state model, show that:

o= T (=500

s<u<t

which is the Kaplan-Meier estimator based on the total number of events.

For j € {1,---,J}, the estimator of the cumulative incidence function is:
~ b dNo(U)
Boi(s,t) = | Prols,u—) - 0
(0) = [ Pl um) - G
Here Py;(s,t) =P(s <T <t, Xy = j). o
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1.2.3 Illness-Death Model

Example 1.3. Consider the illness-death model without recovery:

Let Yo(t) and Yi(t) denote the number of individuals in states 0 and 1 just prior to
time ¢t. Let Npi(t), No2(t), and Nia(t) count the numbers of transitions between the
corresponding states by time .

If 7; is a transition time:

1_ dNoe(75) dNo1(75) dNo2(7;)

. Yo(75) Y%X?)( ) d;?ﬁt))

_ 12(75 12\75

I+ dA<Tj) = 0 1 - Yl(‘f'j)] Yl(Tj)]
0 0 1

Matrix multiplications show that the survival function for state 0 is:

ot = 0 (=50')

s<u<t

which is analogous to the competing risk model.
The survival function for state 1 is:

pion= T (1-4559).

s<u<t

which is analogous to the two-state model.
The probability of starting in state 0 at time s and occupying state 1 at time ¢ > s is:

1301(5at) = / 1500(3,“_) ) d];;(](ll(b? -Pll(u,t).

The limiting expressions for the transition probabilities are:

Poo(s,1) = exp {— / t ao.(u)du}
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where ape(u) = ap1(u) + ape(u);

Pri(s,t) = exp {— /: alg(u)du} :

POl(S, t) = / P()()(S, u—)ozm(u)Pn(u,t)du.

Finally, note that P(]Q(S, t) =1- Poo(s, t) — Pgl(s, t) ‘

and:

1.3 Inference

Suppose again that X (¢) is a continuous-time Markov chain with finite state space . =
{0,1,---,J}. The asymptotic distribution of the Aalen-Johansen estimator (1.3) may
be derived by vectorizing P (s,t), then expressing the covariance of Vec(15) as a matrix-
valued mean zero martingale. The resulting estimator of the covariance between Pab(s, t)
and pcd(s t) is: C{Pab (s,t) ]Scd (s,t) } =

ZZ/ ak S, u ck S, u {sz u t Pkb u t }{Pm u t Pkd(u t)} d;VkES;) (1.4)
k

1=0 k#1

When a = ¢ and b = d, such that the variance is of interest:

V{Pu(s,t)} = ZZ/ P2.(s,u){ Py (u, t) — Py(u, t)}2 d)]/\};qzil;)

=0 k#i

See [1] (IV.4.1.3) for details.

1.3.1 Two-State Model

Example 1.4. Consider the two-state chain . = {0,1}. The Aalen-Johansen covari-
ance estimator for ﬁOO(O,t), which is the standard survival function. For this model,
Pio(s,t) = 0 and dNyo(u) = 0, such that only the (4, k) = (1,0) term contributes:

T{Pl0.0} = [ Ph0.0{0 - Rulu )} T
= [ P00 B0 T

The squared term simplifies as:
P20, u) B2 (u, t) = { Poo(0, u) Poo(u, 1)} = { Pao(0, 1)} = B2)(0,1).

Thus, the variance estimator for Py (0, t) is:

ANy (u
V{ Poo(0,1)} = B2(0 t)/o %gzi)),

in agreement with the standard estimator. ®

Created: Dec 2020 5



Updated: Dec 2020 Empirical Transition Matrix Zachary McCaw

1.3.2 Competing Risks Model

Example 1.5. For the .J-state competing risks model, the variance of the survival func-
tion ]500(0, t) 18

V{Rl0.0)) = P0.1) [ t dggzx).

To find the variance of poj, note that dNy;(u) = 0 for k # 0:

V{ P (0,8)} = Z/O Fio 0, u){Byj(u.t) = Py, 1)} dﬁjf?zg)

]5 —Ofor@%]andP

WA0.0) =3 [[ o000 Pt 505

i#]

+/O P (0,u){1 - pOj(Uat>}2 : dg?fi?

Adding and subtracting [, P20, u) P2 (u, £) Hos ().

Y3 ()
V{Py;(0,1)} = /0 P (0, u) By (u, 1) - —dé?gi?
+/0 Fip(0,u){1 = Poj(u, 1)} djf?zg;)

b . dNy;(u)
— P2(0,u) P2 (u,t) - A
/0 (0. 0P () T

Expanding the binomial gives:

V{P;(0,1)} :/0 Fio(0,0) Py (u, 1) - dY]\(:S—ZS)L)
+ / P (0,u){1 = 2Py;(u, 1)} d%?‘

1.3.3 Illness-Death Model

Example 1.6. For the illness-death model without recovery, Py(0,t) and Py1(0,t) are

the standard Kaplan-Meier estimators, and their variance estimators are given by:

V{ Po(0,1)} = pgoog/tdYNg—zs;), V{P(0,0)} = Pflow/tdg;é?.
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For the variance of Py (0, 1), the non-zero terms are (i,k) € {(1,0),(2,0),(2,1)}:

V{ Py (0,t)} = /0 P30, w){ Pra(u,t) = Poa(u, 1)} - dif?zz(g)
+/0 Fio(0,u){0 = Pos (u, t)}2 ' dij/\(:gzi(g)

+ [ oo Aoy T

1.4 Computation

e The Nelson-Aalen estimator A(t) of the cumulative hazard matrix A(t) for multi-

state models is implemented by the mvna function in the mvna package.

e The Aalen-Johansen estimator P(s,t) of the transition matrix P(s,t) for multi-

state models is implemented by the etm function in the etm package.

e See [2] for examples using the mvna and etm.
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