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Log-Rank Tests

1.1 Statistic

Discussion 1.1. Consider testing for equality of two survival curves across all times
€ [0, 7], that is Hy : S1(t) = So(t). An equivalent null hypothesis is equivalence of the

underlying hazard curves Hy : a;(t) = ag(t). Consider the statistic:
2(r) = [ w®fddi) - Ao}
0

= [ wtgrmamin - [ wtigsanito. (L)

which aggregates the weighted difference of increments in the cumulative hazard. The
weight process w(t) is assumed non-negative, predictable, and equal to zero whenever
Yi(t) or Yy(t) is zero. [ )

1.2 Weightings
Discussion 1.2. The standard log-rank test uses the weights:

Yi(t)Yo(t)
w(t) = W

The test statistic becomes:

Z(r) = /0 ' };0((;)) AN, (1) — /0 ' };(%) AN (0).

The Gehan-Breslow weights are:

w(t) = Yi(t)Yo(t),
for the test statistic:
Z(1) = /OTYQ(t)le(t) — /OTYl(t)ng(t).

The Harrington-Fleming family of weights take the form:

Yi(t)Yo(t)

wlt) = $7() e

for p € [0,1]. The test statistic takes the form:

/S”YOle /sp

p = 0 recovers the standard log-rank test, while p = 1 is a Wilcoxon—type test, which

(t).

places more weight on earlier time points, at which the survival is higher. [ )

Created: Nov 2020 1



Updated: Nov 2020 Comparison of Survival Curves Zachary McCaw

1.3 Asymptotics

Proposition 1.1. Under the null hypothesis Hy : oy (t) = ap(t):

267) = [ wtgsati(t) = [ w05 avaln)

Proof. Substituting dN;(t) = dM;(t) + a(t)Y;(t)dt:

Z(1) = /T (t )Yll(t)dMl( )+ /OTw(t)a(t)dt

_ /OTw(t)%(t)dMo(t) _ /OTw(t)a(t)dt

Proposition 1.2. Consider the standard log-rank statistic:
" Yo(t) TYi(t)
dNy(t) — dNy(t
1 ) 0 Y(t) 0( )7
which under the null hypothesis Hy : a1 (t) = ap(t):

Z(r) = /0 ' };)((:)) M, (1) — /0 ' };(%) My (1),

Suppose n~'Y1(t) - 41 (t) and n=1Yo(t) -2 yo(t), then:

:%ﬂﬂwwhﬁmh

where:

Proof. The predictable variation is:

<%Z(T>> :/0 nY2 +/OT n@(? d(M

—A7§9Yu>mﬁ+AT“”Ywmwﬁ

0
_/ (ﬁw{m )+ Va(t) a(t)at

t)
Yo(t)V1(t) alt)dt = /O ' "1i2£i);(tl>n(t)a(t)dt

Y ()
_g/'<wﬂ>@ﬁ

y(t)
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Discussion 1.3. From the equality:

an estimator for the asymptotic variance of the standard log-rank statistic is obtained
by substituting dA(t), the Nelson-Aalen increment, for a/(t)dt:

o oy [TY®NE) g [T Y()Yi(t)
520 () = /O otaw = [ 2
[ )
1.4 Multi-sample Extension
Proposition 1.3. The log-rank type statistic (1.1) is expressible as:
Z(T):/ w*(t)le(t)—/ w*(t)Yl(t)dN(t), (1.2)
0 0 Y(t)

for N(t) = Ni(t)+No(t), Y(t) = Yi(t)+Yo(t), and a particular weight function w*(t). ¢

Proof. Writing Ny(t) = N(t) — Ni(t):

Z(r) = / Tw@ﬁdwt) - / TW@%@M@ N

Let:

such that w(t){Yo(t)} ' = w*(O)Y1(£){Y (¢)}~?, then:

2(r) = /O "W (AN, (1) — /0 Tw*(t)i/jéz)) AN (2).

Discussion 1.4. Consider the log-rank test, for which w(t) = Y;(¢)Yo(¢){Y (¢)} !, such
that w*(t) = 1, then:

Z(r) = /0 "N — /0 ' }Yj((f)) AN(t) = Ni(t) — Bu(t).
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Here Ni(t) is the observed number of events in arm 1 by time ¢, and Ey(¢) is the expected

number of events under the null hypothesis Hy : ay(t) = apo(t). The representation in

(1.2) may be extended to allow for multiple samples. In particular, consider testing:

Hy:aq(t) = as(t) = -+ = ay(t) for Vt € [0, 7].

For j € {1,---,J}, define the process:

2r) = [ woano - [[ooPdae.

where now N (t) = Z}]:1 N;(t).

Proposition 1.4. Under the null hypothesis Hy : a;(t) = aq(t) = - -

the multi-sample statistic in (1.3) is expressible as:

-3 [ww o - L0 a0

7*=1

where 6,5+ is the Kronecker delta and M;-(t) = Ny (t) — [ a(s)Y;«(s)ds.

Proof. Substituting dN;(t) = dM;(t) + a(t)Y;(t)dt into (1.3) gives:

2r) = [ woar - [ woggane,

Writing dM;(t) = 37, 8,5 dM;- (1) and dM(t) = Y_, dM;- (1):

Jj*¥=1

Zi(r) = /0 ") {Z 5jj*de*(t)} - /O ' w*(t)};j((;) {Z de*(t)}

) él /OT‘”* n {gﬂ* _ iﬁg)) } M, (7).

Proposition 1.5. The predictable covariation of Z;(7) and Z;«(7) is:

0= [worid{o - ao,

where dA(t) = a(t)Y (t)dt.
Proof. Since the predictable covariation is bilinear:

o-§ 5 wor(n- 3o B

k=1 k*=1

}d(Mk,Mk*)(t)
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Since dMj(t) and dM;-(t) are orthogonal for k # k*:

)= kE:j [y {5. 40 } {«w -39 } o(t)Yi()dr.

Suppressing dependence on ¢t and expanding the binomials:

Y} VpYe  YiYRY
(Z;,Z;~ /{w Fa {Zajka*m Sk Y’“ 8 JY’“+ ”Yg k}dt

Y.V« Y.V Y.V
%72 Jty JjtJ Jjti
— 0iinYs — _ + dt
—/O{W}a{wj % Y Y}

= / {w}?aY; {%‘* - ZJ/} dt
0

Multiplying and dividing by Y'(¢) and rearranging gives:

/{ (1))2 Jtt { ’ —};*T(S)}a(t)}/(t)dt.

Corollary 1.1. The optional covariation is:

o (1) = 12,2100 = [Py o - F fave.

Discussion 1.5. Consider testing the null hypothesis:
Hy:oq(t) = as(t) =+ = ay(t) = alt).
A Wald-type statistic evaluating this hypothesis is:
Tw = 2’2z,

where z; = Z;(7) from (1.3) and X;;+ = ¢;;+(7) from (1.4). A pseudo-inverse is required

since the (Z;) satisfy the linear constraint:

Alternatively, the Wald statistic may be modified, without loss of information, by omis-

sion of a single row, for instance the first or last. Ty follows an asymptotic x? distribution
with (J — 1) degrees of freedom. 'y
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Difference of Survival Curves

2.1 Restricted Mean Survival Time
2.1.1 1 Sample Setting

Definition 2.1. The restricted mean survival time (RMST) U(7) is the area under

the survival curve up to time 7:

An estimator for U(7) is given by:

O(r) = /0 " Sy,

where S(t) is the Kaplan-Meier (KM) estimator of the survival function. [

Proposition 2.1. Define:
pelt) = [ Stu)d

t

The standardized process \/ﬁ{f] (1) —U(7)} converges weakly to a Gaussian martingale:
\/ﬁ{ﬁ(ﬂ —U(7)} ~ W{ogrusr(T)},
where:
hasalr) = [ 208

0
and y(t) is the probability limit of n='Y (). ¢
Proof. Noting that du.,(t) = —S(t)dt,

Vall(n) - U0} = [ V{80 - s}

A CIOEEIO)

_ /0 VLA(t) — A Y (1) + 0,(1).

Integrating by parts:
[ VAta® - A e = [Va{Ae) - A b 0]
- [ ety vt -

t=T1
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The first term on the RHS vanishes since A(0) = A(0) = 0 and p.(7) = 0. Using the
martingale representation of \/ﬁ{fl(t) —A(t)}:

\/ﬁ{f](r) -U(n)} =- /OT uT(t)ﬁdM(t) + 0,(1).

The predictable variation is:

(Va{U(r) - U(n)}) = /0 T;ﬁ((t)

0 y(t)

where «a(t) is the hazard and y(t) is the limit in probability of n~'Y(¢). For additional
details, see [2]. |

Discussion 2.1. The optional variation of \/ﬁ{f](ﬂ —U(r)} is:

[Vatom - vy = [ 5 Danso)

T 2
7 ()
= —T~ _dN(t).
/0 n=1Y2(t) *)
The estimated variance:

T A2

~2 luT(t)
= — 2 _dN(t

URMST<T> /O n—lYQ(t) ( )7

where:

The variance estimator is expressible as:

Fse(r) = [ ),

where A(t) is the Nelson-Aalen estimator.
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2.1.2 2 Sample Setting

Example 2.1. Let Sy () and Sy(¢) denote the estimated survival functions for the treat-
ment and reference groups. The treatment difference may be assessed using the difference
of RMSTs:

A A~

A(r) = Uy (1) = Up(r) = /0 Sl(t)dt—/OT So(t)dt = /OT{Slu) — So(t) }t.

The estimated variance of the difference is:
T N2 T N2
) M1(t) f / Mo(t> i
= ———Z _dA,(t ——Z _dAy(t
JIO(T) \/0' n_1Y1(t) 1( ) + 0 n_]_}/vo(t) 0( )

~

where Yj(t) is the number at risk for group j, A,(u) is the corresponding Nelson-Aalen

estimator, and:
it) = [ Syt
t
A Wald-type statistic for assessing Hy : Uy (1) = Up(7) is:

e e

Ty =

2.2 Difference of Survival Curves

Example 2.2. Let S;(t) and Sy(t) denote the estimated survival functions for the treat-
ment and reference groups, and suppose g(z,y) is a continuously differentiable measure

of the between-group difference, such as g(z,y) = y — z, such that:

A

9(S1, 80) = Si(t) — So(t).
Consider generating confidence bands for the following process:

A(t) = V() {g(51.5) — 9(S1. 50 ). (2.1

where n = ny +ny is the overall sample size and w(t) is a weight function. Let ¢ ; denote
the first time that Sj () jumps, and let t;; denote the last time that S'j(t) jumps. Define
tr, = max(tp1,tLo) and ty = min(ty s, tye). The confidence band for A(t) is sought over

the interval [ty ty].

The difference process (2.1) is asymptotically equivalent to:

A(t) = \/ﬁw(t){gl(ﬁl, So) - (S1 = S1) + g2(S1, o) - (So — So)}
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which is expressible as:
A(t) = g1(S1, So)Ur(t) + g2(S1, So)Us(8),
where:
Ui(t) = V- w(t){9;(t) — S,(t)}
U;(t) is asymptotically equivalent to the process:
Uj(t) = —w(t)S;(t) - v{A;(t) — A;(t)} + 0,(1)
= —0$0) 3 [ M) + o),
P

with H;(s) = /n/Y;(s) and M;;(s) = Ni;(s) — [ oj(u)Y;(u)du. Let ZZ-(;-’) denote 11D
(0,1) perturbation weights, then sample paths from U;(¢) may be simulated via:

U (1) = —w(t)S,(t) nZ]Zz(gb) /Ot H;(s)dNi(s).

The confidence band for A(t) may be generated as follows. For each of B iterations,
i. Generate the perturbation weights ZZ»(JZ.’).

ii. Approximate a sample path of A(t) via:

AO(t) = g1(S1, So) UL (1) + 92(S1, So)US” (1),

iii. Compute and store M©® = SUDyc (1,10 ‘A(b) (t)]
Let v;_o denote the upper (1 — a)th percentile of the (M®)), then:

A A V-«
+
9051 50) £

is an asymptotic confidence band for ¢(Si, Sp).

Finally, let:

Tks =+/n sup w(t)|g(S1,S)]

teltr,ty]

denote a KS-type statistics of Hy : S1(t) = Sp(t). An approximate p-value is given by:

1
B

M=

p= H{M(b) > Tks }-

o
Il

1

See [1]. [
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Example 2.3. The null hypothesis Hy : S1(t) = So(t) may also be examined using an

integrated difference of the form:

Jo w(®) - /{51 () — So(t) }dt

A= T w(t)dt

The integrand is expressible as:

w(t) - Va{Si(t) = Solt)} = Ui (1) — Ui(e).

where:

For each of B iterations:
1. Generate IID (0,1) perturbation weights ZZ»(;’).

2. Calculate:

_ foT{Ul(t) — Uo(t)}dt‘

A®)
o w(t)dt

A confidence interval may be generated by finding the a/2 and 1 — a//2 percentiles of the
(A®). An approximate 2-sided p-value is given by twice the proportion of (A®)) that
have the opposite sign of the observed A. [
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