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Cumulative Incidence Curves

1.1 Setup

Consider time to event data {(7},d;)}, where time 7} is absolutely continuous and the

status d; is coded as:

0 censoring,
d0i=141 event,

2 competing risk.

Definition 1.1. The cumulative incidence curve (CIC) for type-1 events Fi(t) is

the probability of experiencing the event before the competing risk by time ¢:
Ft) =P(T <6 =1) = /t S(u)h (u)du,
0
where S is the overall survival function:
S(t) =P(T > t) = e M=),
[ |

Discussion 1.1. The overall survival function S(¢) may be estimated from data of the
form {(T3,6;)}, where:

F )

0 censoring,

1 event or competing risk.

Let S denote the Kaplan-Meier estimate of S. The Nelson-Aalen estimate of A (u) is:

Mty = [ TR

where Y(u) = > | I(T; > w) is the number at risk and N;(u) is the counting process
for type-1 events:

n

Ni(t) = > I(T; <t,6; = 1).

i=1

The standard estimator of Fj is:
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1.2 Background

We make use of the following results proved elsewhere.

Proposition 1.1 (Kaplan-Meier to Nelson-Aalen). Let S(t) denote the overall sur-
vival function and A(t) = Ay(t) + As(t) the overall cumulative hazard. Then:

Vi{S(t) - S(t)}
—S(t)

where S is the KM estimator, and A the NA. ¢

= V{A@®) — A1)} + 0,(1), (1.1)

Proposition 1.2 (Martingale Expansion of Nelson-Aalen). The NA estimator is

expressible as:

Vi{At) - ) +0p(1),

where M (u) = N(u) — [;' Y (s)dA(s) is the counting process martingale.

Likewise, for the cause-specific cumulative hazard:
t
R n
Vi) = M0} = [ S5 + o,
o Y(u)
where M (u) fo s)dA1(s) is the counting process martingale. ¢
Proposition 1.3. The predictable covariation is a bilinear form:
(My + My, My + M) = (M) + (Ms) + 2(My, My).
The analogous result holds for the optional covariation. ¢

Proposition 1.4. If H;, Hy are predictable processes and M;, My are mean-zero mar-

tingales, then the predictable covariation of the corresponding stochastic integrals is:

</H1 (1AM, (¢ /H2 (1AM (t > /H1 Vo (4)d( M, (£), Mo (1))

The analogous result holds for the optional covariation. ¢

1.3 Martingale Representation

Proposition 1.5.
VR{E(t) — Fy(t)} :/0 Vi{5) — S(u) Ay (u)
+ /0 VS (u){dA (u) — dAi(u)}.
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Proof.
VR{Ei(t) - Fi(t)} = /\/‘s )dA (u /\/‘s YdA; (u).
Adding and subtracting S(u) from the first integrand:
/ S () (u / Vi{8(u) — S(u) + S(u) A, (u)
:/0 Vn{S(u) — S(u) }dAl(u)+/0t\/ES(u)dA1(u).

Proposition 1.6.

/0 Va{S(u) — S(u) b (u)
- / Vil{R(u) = Aw)} - dF (u) + 0,(1)
= —a{A(t) - A} F(1) + /O VAF (w)d{A(u) — A(u)} + 0,(1)

Proof. Since A(-) is consistent for Ay (-):

/O\/E{S'(u)—S(u)}del(u):/o Vi S(u) — S(u) Ay (u) + 0,(1).

Applying (1.1):

[ it - swyan = - [ SO san

- [ Vth - A} R + o)

Integrating by parts:
[ VAtA@ - A} ki
= v [{A(w) - AW} F (u)l:) - /0 t ViFi(u)d{A(u) - Alu)}
= V{A@®) — A} A () - /0 t VP (w)d{A(u) = A(u)}.
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Proposition 1.7 (Martingale Representation).

VAR - R} = Ry [V A gy
i S(u
+/0 Y ) dMl(u)+0p(1).

Proof. From the previous propositions:
Valhi) = B} == va{Aw) — AOMA0 + [ VaRwi{i) - Aw)
+/O ViS(u){dA (u) — dA; (u)} + o0,(1)

The conclusion follows from applying the martingale expansion of the Nelson-Aalen

estimator to /n{A(t) — A(t)}, vnd{A(t) — A(t)}, and /nd{Ai(t) — Ai(t)}.

|
Corollary 1.1.
VAR - RO} = R0 [ ang+ [ Y0 )F“ D ant,w
—Fl(t)/o Y\{; dMg / \/— Fl dMQ( )+Op(1)
[ )
Proof. Substituting M (u) = M;j(u) + My(u) and S(u) = 1 — Fy(u) — Fy(u) gives the
result. |
1.4 Predictable and Optional Variations
Proposition 1.8. Suppose n~ 'Y (t) - y(t), then as n — oco:
VAR - RO} 2 o [0 [LEEOIN,
2y [ A2(w) " F(u)Aa(u)
+ F} (t)/0 e du + i y(u) du
2F (1) /0 0
g [ E@A)
2 )/0 T (12)
¢
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Proof. Finding the optional variation:

<\/E{F1(t)—F1(t)}>:Ff(t)/0 YQnu d(Ml(u)>_|_/0 n{l—FQEU)} 2OV, ()

() Y(
+ FX(t) /0 YZL(U)aKMz(u))Jr /0 "}Z(i))d<M2(u)>
~ 2R (1) / ”{13;—21)(“)}d<M1<u>>

Substituting d(M;(u)) = Y (u)\;(u)du:

(Va{Ey(t) - Fi(t)}) = FA(1) / _1Y /{1— _ly}m
i) [ %dw/o Hule),
—2F (¢ /{1_F2 )\ )d

1(w)Aa(u )
_2F1(u)/0 1Y (4) du + op(1).

Letting n 'Y (u) — y(u) gives the result. ]
Discussion 1.2. By the martingale central limit theorem:
Va{E(t) = i)} ~ W{atie()},

where 02 (t) is the RHS of (1.2). An estimate of the variance is obtained by finding

the optional variation:

62ic(t) = [Va{Fi(t) - B0 }] = F2(0) /0 nffﬁl&) N /0 {1_F:Y2}( d)Nl(m
2y [ ANa(u) 2 () ANy (u)
RO || v +/o ERE0n
-anin [ LBt
2R (1) /0 %jj&()“)‘
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Area Under the Cumulative Incidence Curve

Example 2.1. Consider the area under the cumulative incidence curve (AUCIC):

U(T):/OFl t)dt = // w)dA; (u

and let U(7) denote the estimator:

O(r) = /0 "Byt = /0 ' /0 " S(um)dh, (u)

Using the martingale representation of \/n {F \(t) — Fi(t)}, the standardized difference:

Vi{U(r) - U(r) = /0 VR{E() — Fi(0) e

is expressible as:
byn y T rtvn{l - F(uw)}
7(u) dM;y ( )dt + /0 /0 dMq (u)dt

/OT\/E{Fl(t)—Fl(t)}dt:—/OTFl(t)/o o)
- B

Y
tvn T [t V/nFi(u)
t) ; WdMQ(u)dt+/0 /0 V) dMs(u)dt + 0p(1).

The predictable variation is:

o -ve = [ ro [ 2

0 g dt+/ / - _1Y} ) gy
+/0 FE(t) Ot / / F1 Fwha(w)
P /0 "R /O {1_7?1}/(5\1 dudt
_Q/OTFl(t) /Ot Wdudt+op(1).

Let 03ycc(T) denote the limit in probability of the predictable variation as n — co. By

the martingale central limit theorem:

Vi{U(7) = U()} ~ W{oRyerc(t) }-

An estimate of the asymptotic variance is obtained from the optional variation:

) - bdANy( 1 — Fy(u)} dNi (u
UJQXUCIC(T):/O Ff(t)/ 1;/2 dt + //{ 1y2} () dt
T L dNy(u F2(u dN2
+/ Ff(t)/ _1Y2 dt / / Y24 Fr{w)dN(u) ,

. {1 - Fy(u) }dNy (u)
/ R [y

(1) /0 Fi(w)dNy(w) fﬁvi() ) at.

|
[\)
c\
>
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