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Bernoulli Process

1.1 Definition

Definition 1.1. A Bernoulli process is an infinite sequence of independent and iden-
tically distributed (IID) Bernoulli random variables Xj:

P(X; =) =p"(1 —p)'™*, for x € {0,1}.
[ |

Discussion 1.1. Viewing each success in the Bernoulli process as an arrival, the Bernoulli

process may be characterized in the following ways:
i. The sequence of arrival times (7}), where T}, is the time of kth arrival.

ii. The sequence of inter-arrival times (Ay), where Ay, = Ty — Ti_1 is the time between
the (k — 1)st and kth arrivals.

iii. The number of arrivals by time k:

N, =max{n e N: T, < k}.

1.2 First Arrival Time

Proposition 1.1. The time to the first arrival in a Bernoulli process follows a geometric

distribution:
P(Ty =n) = (1 —p)" 'p, for n € N°°
¢
Proof. The first arrival occurs at time n if and only if X; =--- = X,,_1 =0and X,, = 1.
Since each arrival indicators (X,,) are IID:
P(X, ==X, 1=0,X,=1)=(1-p)" 'p
[
Proposition 1.2. The geometric distribution is memory-less:
P(Ty > n+m|Ty > m) =P(T; > n).
¢
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Proof. The unconditional probability that the time of first arrival exceeds n is:
P(Ty >n)=PX;=---=X,=0)=(1-p"

The conditional probability that 77 > n + m given that T} > m is:

P(Ty >n+m) (1—p)»™

P17 > T, > = = =(1-p"
[
Proposition 1.3. The geometric distribution has constant hazard:
h(n) =P(T) =n|Ty > n) =p.
¢
Proof.
P(Ty = n) P(Ty = n) (1—p)~p
(i=nllzn) = g = "B msn_D) ~ G=p
[
1.3 Arrival Times
Proposition 1.4. The number of arrivals by time n follows a binomial distribution:
P(N, = k) = (Z)pk(l —p)"* for k€ {0,--- ,n}.
¢
Proof. Let (z1,--- ,x,) denote a length n binary sequence such that )" , z; = k. Since

the arrival indicators (X;) are IID, the probability of any particular arrival sequence is:
P{(X1,--- Xp) = (21, 2) } = p"(1 = p)" ",

Now, there are (}) distinct binary configurations (z1, - - - , x,) that satisfy the constraint
>, x; = k. Therefore:
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Proposition 1.5. The time of kth arrival in a Bernoulli process follows a negative

binomial distribution:

—1
P(T, =n) = (Z B 1)pk(1 —p)"*, forn > k.

¢

Proof. The kth arrival occurs at time n if and only if the number of arrivals at time
n—1i8N,.1=k—1and X,, = 1:

n—1

P(Ty=n)=P(Np,.1=k—1)-P(X,,=1) = (k:—l

)pk‘l(l —p)" " p.

1.4 Inter-arrival Times

Discussion 1.2. Define A; =717 and A, =T}, — Tj,_1. The Ay represent inter-arrival
times. The time of kth arrival is, by construction, equal to the sum of the first k

inter-arrival times:

T = (T — Tie1) + (Tho1 = Timo) + -+ (T —T1) + T
k
=Dt D+ A A =) A
=1

[ )

Proposition 1.6. The inter-arrival times A, are independent, and each follows a geo-

metric distribution:

P(A, =n)=(1—p)" 'p, forn € N°°.

Proof. In terms of the arrival indicators (X;), the kth inter-arrival time is:
Ak =T, —Tp_1 = #{Z 1 <1 < Tk}

Since these blocks of trials are non-overlapping and the arrival indicators are IID, the

Ay, are IID in turn. Now, Ay = n if and only if X7, =1 and:
Xn p1=-=Xp-1=0
Thus,

P(Ak = TL) = ]P)<XTk_1+1 — = XTk—l = O,XTk = 1) = (1 _p)n—lp'
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Proposition 1.7. The sequence of arrival times (7}) has stationary and independent

increments:

i. For kg < ky, T}, — T, has the same distribution as T}, _,.
ii. For kg < ky < ---, the sequence of random variables:
(Tkoleﬂ - Tkoﬁ Tk’z - Tkn o )

is independent.

1.5 Multinomial Process

Definition 1.2. Suppose that each arrival in a Bernoulli process may be classified into
one of J mutually exclusive types, X; € {1,---,J}. Let p; = P(X; = j) denote the
probability that an arrival is of type j. The parameters (py, - - -, ps) full characterize the

distribution of Xj;, and satisfy the constraints:
J
p; >0for je{l,---,J}, and ij =1
j=1

The sequence of (X;) is a multinomial process. Note that a non-arrival, coded as 0

in the Bernoulli process, may be regarded as one of the J arrival types. |

Proposition 1.8. Let Néj ) denote the number of type j arrivals by time n:
N = ZH(Xi = 7).
i=1
The joint distribution of (N,(Ll), e ,Nfl‘])) is multinomial:
PN =ny, -, NV =n,) = n Pl
n ) A 0 ny - ny 1 J

where n = Z}]:1 n; is the total number of arrivals. ¢

Proof. Let (z1,--- ,z,) denote a sequence of length n such that:
D U(X = j) =mny, for j € {1,---,J}.
i=1

That is, the sequence (xy,---,x;) contains n; elements equal to 1; ny elements equal
to 2; and so forth. Since each arrival indicators (X;) are IID, the probability of any

particular arrival sequence is:

P{(X1, -+, Xp) = (w1, 20) } = P -0y
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Now, there are (m n nJ) distinct rearrangements of the sequence (x1,--- ,x,) that leave

the total number of arrivals of each type unchanged. Therefore:

P(ND =y, - N =) = (m " nj)prln o,
|
Proof. -
Proposition 1.9. The marginal distribution of the number of arrivals by time n of type
7 is binomial:

n

]P’(Néj) =n;) = ( )p?j(l —p;)" ", forn; €{0,--- ,n}.

U

1.6 Beta-Bernoulli Process

Definition 1.3. Suppose the probability of success P is itself random, following a beta

distribution with parameters a and b:

p(1—p)
B(a,b)

flp) = , for p € (0,1).

Given P, (X;) is a sequence of conditionally independent indicator random variables:
(X, L X))|P for i # .

each satisfying:
P(X; =1|P =p)=p.

Then, the sequence (X;) is a Beta-Bernoulli process. |

Proposition 1.10. Let N,, denote the number of arrivals by time n, and let = € {0,1}"
with Y ", x; = k. The unconditional probability of that sequence is:

Bia+k,b+ (n—k
IP)(*X'l:xlf" 7Xn:'rn) - { B((Z bg )}

Conditionally on N,, = k, every such sequence is equally likely:

—1
P(X) =1, , Xn = 2| Ny = k) = (Z’) .
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Proof. The unconditional probability follows by mixing the Bernoulli likelihood against
the Beta prior:

P(X) =1, , X = 2) = BE{pF(1 —p)"*} = B(i 3 /0 prA—p) " p (1 —p)*dp
_ Bla+kb+(n—k)}
B B(a,b) '

There are (Z) sequences with k ones, each with this same probability, so the conditional

distribution given NN,, = k is uniform on that set. |

1.7 Exercises

i. Prove that the sequence of arrival times in a Bernoulli process has stationary and

independent increments.

ii. For a Bernoulli process with m < n and j < k, argue that:

() ()
(%)

P(N,, = j|N, = k) = , for j € {0,--- ,k}.

iii. Prove that the marginal distribution of NY in a multinomial process is binomial.

iv. Find the posterior expectation of P given (X; = zy,---,X, = xz,) is a Beta-

Bernoulli process.
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